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I M 1) If pand p' are respectively the modulus of the complex number z and the modu-
lus of one of its cubic roots, and if o and o/ are their arguments, it is p' = \iﬁ and

@
06—3. ;
Thus p = (p')° = 3% = 27, 04:30/21—;:2 and so:

. 27 .
z2 =27 (cos Z +isin E) = —= (14 1) . For the cubic roots of z we have:
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with £ = 0, 1, 2. The three roots are:
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I M 2) The characteristic polynomial of A is pa(A) = |A — Al[| = 1 | T

=(1-Nk-AN+1=X—(k+DA+Ek+1.
The discriminant is A = (k+1)> —4(k+1) = (k+1)(k —3).
When A > 0=k < —1ork > 3 the matrix A has two real and distinct eigenvalues:

(k+1)++/(k+1)(k-3)
)\1,2: 9 :

when A =0= k= —1ork =3 the matrix A has two real and equal eigenvalues:
M2=0fork= —1and A\, =2fork =3;

when A < 0= — 1< k < 3 the matrix A has two complex conjugated eigenvalues:
k+1+iy/ —(k+1)(k—23)

12 =

2
I M 3) The three vectors X;, X, and X3 belongin to R? form a basis if and only if the de-
1 1 2
terminant of the matrix || X; X, X3||=|/1 -1 0 is different from zero.
1 0 —1
1 1 2
1 2 1
1 -1 0 |=1- +(—=1)- =2+2=4+#0.
1 0 1 -1 0 1 -1

So X1, X, and X3 form a basis for R3. If o, 3 and ~ are the coordinates of the vector Y
in the base {X,X,, X3} itis Y = aX; + X,y + X3, which leads to the system:
a+f+2y=1 at+a—3+2a—4=1 =2
a—03=3 =< f=a—-3 =< 0= -1
a—y=2 Yy=a—2 v=0



Since the third coordinate is v = 0, this implies that the vector Y belongs to the plane
spanned by the vectors X; and X,.

I M 4) For a linear map f(X) = A - X the dimension of the Image is equal to the rank of
the matrix A while the dimension of the Kernel is equal to the difference between the di-
mension of the domain and the dimension of the Image.

To calculate the rank of A we reduce the matrix by elementary operations on its lines:

By (R3 <« R3 — Ry — Ry) and then (R, <+ Ry — Ry) we get:

1 -1 0 1 -1 1 -1 0 1 -1 1 -1 0 1 -1
1 1 1 0 1 -1 1 1 0 1 -0 2 1 -1 2
2 m 1 1 k 0O m 0 0 k 0O m 0 O k

From the last matrix we can conclude that Rank(A) is equal to 3 if m # 0 or k£ # 0, if
m =0 and k£ =0 Rank(A) is equal to 2.
. 2 ifm=k=0 . 3 ifm=k=0
So Dim(Imm) = {3 otherwise ~ — DIM(Ker = {2 otherwise
The dimension of the Image is minimal when m =0 and k£ = 0.
The vector Y = (2, — 1,2), by Rouché-Capelli Theorem, belongs to Imm(f) if and
only if Rank(A) = Rank(A|Y).
By elementary operations on (A|Y), (R3 <« R3 — Ry — Ry) and (Ry «— Ry — Ry) We

get:
1 -1 01 -1 2 1 -1 0 1 -1 2
11 1 0 1 —-1f{—-1J]0 2 1 -1 2 -3
2 0 1 1 0 2 0O 0 0 O 0 1

So we see that Rank(A) = 2 while Rank(A|Y) = 3 so Y doesn't belong to Imm( f).

I M 1) From the equation f(z,y,2) = zsiny — ycosz + x>z = 0 we get:
f(1,0,0) =0— 04 0= 0 and so the point (1,0, 0) satisfies the equation. Then :
Vf(z,y,2) = (siny + 22z, cosy — cos z,ysinz + z*) and V£(1,0,0) = (0, — 1,0).
Since only f_;(l,ao, 0) # 0 it is possible to defige only an implicit function (z,z) — y whose
N Y 0 Y 0
derivatives are: —(1,0)= — ——=0and ——(1,0)= — — =0.
8x( Y ) _ 1 az( Y ) _ 1
Max/min f(z,y) =z +y
u.c. x2 <y< 1 — 2
Max/min f(z,y) =z +y
in the form: uc 22—y <0 ; then we observe that the objective function
Tl 22 +y—1<0
of the problem is a continuous function, the feasible region £ is a compact set, and so
maximum and minimum values surely exist. The constraints are qualified.

_ 1 _ 1
{y:x2 T= LIS T
=1-— 22 1 — '
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I M 2) To solve the problem { firstly we write the problem

N |—



V2
The Lagrangian function is: A(z,y,\) =z +y — A (2% —y) — M (2® +y —1).
1)case Ay =0, =0 :

‘H
|

(N, =140

AN =1+£0

Y . H

22 <y : no solutions.

\y§1_$2
2)case A\ #0,X =0 :

(Al =1—-2\xz=0 :1::—%

AN =1+X=0 A= —1 11

4 . Since \; < 0 the point { —=,-~) ma
) y=2? T Yy=1 s P 202) MY
(y<1-27 L<3 . true
be a minimum point.
3)case \y =0,  #0 :

Al =1-2X2=0 :1::%

AN =1-X=0 Ay =1 1 3

4 . Since Ay > 0 the point | =, - | may be a
y:1_$2 = y:% 9 > p 274 y
z? <y ig%:true

maximum point.
4)case \y 0, #0 :
A, =1-2 Nz —2\z =0

y = — A2 = _ 2
;\y:—:EQH)\l A2 =0 . The points solutions of {z;f—:ﬁ are (%,%)
y=1-—2°
and ( - %, %) and so we get the systems:
1 1 ( _17\/5

1—2)\1%—2)\2%:0 1_\/5_2\/5)\120 Al = W5
A, =1+X -2 =0 A=14+ X\ )\2:\/5“
r= L Y z=1 = 2V

V2 V2 =
y=>1 y= )

. ] 1 ] . ..
Since A\; <0 and Xy > 0 the point ,§> IS nor a maximum nor a minimum

7N N
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(O)

point.



( 14+/2
L+2X\ 5 +2X0 75 =0 14 /24220 =0 M= 5%
A=T1+X\—X=0 Ay =1+X\ Ay = V21
o ’ o=
= = y:_
a ? \y:%

. ] 1 1\ . ) ..
Since \; <0 and Xy > 0 the point (— — —) IS nor a maximum nor a minimum

V22

point.
. 1 3\ . . . . 13 5
So, from Weierstrass Theorem, 2'1 is the maximum point with f 1) =1
. 1 1Y . .. . . 13 1
while (— 3 Z) is the minimum point with f( — 3 Z) =71

Il M 3) Since the function f(xz,y)=xe’"" is clearly a differentiable function
VY (z,y) € R?, we simply calculate D, f(1,1) = V£(1,1) - v.

Since Vf(z,y) = (e " —ze’ ",z ") = Vf(1,1) = (0,1). And so:

D,f(1,1) =V f(1,1)-v=(0,1) - (cosa,sina) =sina=0 for « =0 and a = .

I1 M 4) We study the leading principal minors of the matrix H = H ]5 I 8 1 H .

The leading principal minors of the first order are:

|H;| =k>0for k>0; |Hy|=k—1>0 for k>1.

The leading principal minor of the second order is:

|Hy|=k-(k—1)>0for k<Oork>1.

And so:

For k < 0:|H;| <Oand|Hy| > 0 : the point is a Maximum point;

For £ > 1:|H,;| > 0and |Hy| > 0 : the point is a Minimum point;

For 0 < k < 1:|Hsy| < 0 : the point is a Saddle point;

For £ =0 and k£ = 1 we have a semidefinite quadratic form and so we cannot decide.

Hy| = & e 0 :
Hy| =k —1 SR [ — o
Hy| =k - (k — 1) e — - - 0




