TASK MATHEMATICS for ECONOMIC APPLICATIONS 12/02/2019

I M 1) Since 2° + 2 = 2? (z* + 1) = 0 we get immediatly two roots: ; = x5 = 0.
The remaining four roots are obtained solving z* + 1 =0=2z=+v/—1 .
From — 1 =cosw + isinm we get:
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I M 2) The characteristic polynomial of A is :
1—A 4 3
pa(A)=]A=Al|=| 2 3—A 1 =k-MNA-NB=-X) -8 =
0 0 k— X

= (k—XA)(A\* =4\ —5) = 0.From \* — 4\ — 5 =0 we get:
)\172:2ﬂ:\/4+5:2:‘:3:>)\1:—1,)\2:5.

So we have multiple eigenvalues for k = — 1 and for £ =5.
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since Rank (||[A +1TJ|) =2 weget m?;, =3 —-2=1<2=m", and the matrix is not diago-
nalizable.
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To find m?, we find the rank of the matrix ||[A — (—1)I| = 1

-4 4 3
To find m{ we find the rank of the matrix ||A —5I||=| 2 —2 1];
0 0 O

since Rank (|A —51)) =2 we get mf =3—2=1<2=m{ and the matrix is not diago-
nalizable.

I M 3) From Rouché-Capelli Theorem, if Rank (A) = Rank (A|Y) = & the system has co™*
solutions, where n is the number of the variables; in our problem »n = 4 and so, to get co? so-
lutions, we need k£ = 2. We study the Rank of the augmented matrix:

1 -1 -1 1 ] 1
JAlY]| =12 1 2 1 | —1]||.Byelementary operations on the rows:
30 1 h | m
1 -1 -1 1 | 1
(Rg «— R3s — Ry — RQ) we get: 2 1 2 1 | -1
0 0 0 h—-2 | m

So Rank (A) = Rank (A|Y) =2 ifandonly if h =2 and m =0.



So we have to solve the system ¢ 2z; 4+ x9 + 223 + x4 = — 1 whose augmented matrix is:
3.(1?1 +.CE3+2.CE4 =0
1 -1 -1 1 1
JAY| =12 1 2 1 ~1
30 1 2] 0
By elementary operations: (R, « Ry — 2R;) and (R3 <+ R3 — 3R;) we get:
1 -1 -1 1 | 1

{$1$2$3+$41
|
|

0o 3 4 —1 | —3| so the third equation is unuseful and we solve the system;

0 3 4 -1 | -3

Ty — Ty =23 — x4 +1 Ty =xo+x3—2x4 +1

{3:1:2:—4:1:3+:E4—3 {:1:2:—%:1;3—#%:1:4—1

j{xlz—%x3+%x4—1+x3—x4+1:> $1:—%$3—%$4
:112:—%5133-#%!134—1 552:_%5”3"'%374_1

which is the solution of our system having oo? solutions.

I M 4) Firstly we find a vector X, orthogonal to X;. If Xy = (z,y,2) we put X; - X, =0 to
get: (1,0, = 1) - (z,y,2) =2z —2=0=z=x. From X, = (z,y,z) we choose z =1
and y =1 to get Xy = (1,1,1). To find the last vector X3 we start from (z, y, =) to find the
relation for which X; is orthogonal to X, putting (z,y,z) - (1,1,1) =x +y+ x = 0 to get
y= —22.50 X3 = (z, —2z,2) = X3 = (1, — 2,1).

The three orthogonal vectors are: X; = (1,0, — 1); Xy = (1,1,1); X3 = (1, — 2,1).

To get an orthonormal basis for R? we need three orthogonal unit vectors and so:

Since || X4 = V2 we get V; = (%,0 %) ;
Since || Xy = V'3 we get V; = (7 7)

, <l — (2 )
Since ||X;]| V6 we get V, <\/6’ 7 \/>

The orthonormal basis for R? is {(\[ \}) (% % %) (% - %, %) }

1 M 1) From the equation f(z,y) =ze"™V +ye” ¥ =0 we get f(0,0)=0+0=0 and
so the point (0, 0) satisfies the equation. Then :

Vix,y)= (" +axe™ +ye" Vize™ 4"V —ye' V) =

=((1+xz)e" +ye" Yixe™ + (1 —y)e" ) = VF(0,0) = (1,1).
Since f,(0,0) # 0 it is possible to define an implicit function = — y(z) whose derivative is:
dy
dzx

Max/min f(z,y) = zy* — z*
uc. 2?+y? <1

objective function of the problem is a continuous function, the feasible region £ is a compact
set, and so maximum and minimum values surely exist. The constraint is a circumference and
so it is qualified.

The Lagrangian function is: A(z,y,A) = 2y* — 2® — A(2* + > — 1).

I M 2) To solve the problem: { , we observe that the



1)case A =0 :

N =y*—2x=0 =0

A, =2zy=0 =y=0 .]I-]I(:z:,y):H22 ;gHiH(0,0):H 02 8”

? +y’ <1 0+0<1 ’
Surely (0, 0) is not a minimum point (since — 2 < 0).
Studying the sign of the function in a neighborhood of (0, 0) we get: f(z,y) =0 and

9 T 2 z<0 . .

flx,y) =zy* — 2 =2 (" —2) = f(z,y) >Of0r{y > { (ImpOSSIbIe)
As we see in the next figure, in every neighborhood of (0, 0) we have both negatlve and positi-

ve values and so the point (0, 0) is a saddle point.
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2)case A #0 :
N =y —2r -2 \z=0
A; = 2zy — 2\y =2y (x — A\) = 0 from which we have two possible systems.

2+t =1
20 4+2X x=2x(1+ ) =0 x=0
D<y=0 y=20 and
?+yt=1 0+ 0 = 1 : impossible
1+A=0 r=1 T =
y=20 =<¢y=0 and{ y= :since A < 0 these two points may be mini-
z? =1 A= —1 )\: -1
mum points;
P =22 —2X2 =0 r=A =\
¢ x=2A = { y? =2\ +2)\? =<{yP=22+2)2% =
2+t =1 AN 42X +2X2 =1 N2 4+20—-1=0
BN 420 —1=0= )= _Htgngz _13i2;m1 —1,h = %
So we get three other solutions:
r= — r= —1
yr = =4qy=0 already seen, it may be a minimum point;
A= —1 A= —
:1::% IL’:%
Y =3+5=5 = qy=+22 since A >0 these two points may be maximum points.
:% )\:%
Since f(1,0) = f(—1,0) = — 1 we see that (1,0) and ( — 1,0) are minumum points;



3’ 3’ 3 27
mum points.

since f(l 23£> = f(l — M) = o we see that (%23£> and (% — 23£> are maxi-

I1 M 3) Since the function f(x,y) = zeV" —ye” ¥ is clearly a differentiable function in R?,
we simply calculate D, f(x,y) = V f(z,y) - v.
Vix,y)=(""—xe!™ —ye" Vixe " —e" Y +ye”Y) =
=((1-—x)e" " —ye" Yz "+ (y—1)e").
So Vf(0,0) = (1, —1) and Vf(1,1) = ( — 1,1). From this we get:
D,f(0,0) = Vf(0,0)-v= (1, — 1) - (cosa,Sina) = coScx — Sin
D,f(1,1) =V f(1,1)-v=(—-1,1) - (cosa,sina) = sina — cOS v .
From D,f(0,0) = D,f(1,1) we get cosa — sina = sina — C0Sa = Sina = cosa which
o

v
i isfied for a = — an = —.
is satisfied for o 1 and o 1

I M 4) To analyze the nature of the stationary points of the function we apply first and second
order conditions. For the first order conditions we pose:

fi=9>-22=0
Vf(z,y,2) =0 = = 2xy — 2y =2y (x —1) =0 from which we get two systems:

fi=—-22=0
z=0 r=1 z=1 r=1
DSy=0andll){y>=2=<Sy=y2and =< y= — /2.
z=0 z=0 z=0 z=0
For the second order conditions we construct the Hessian matrix:
-2 2y 0
H=| 2y 2z—-2 0 ||.Sowe get:
0 0 —2
-2 0 0 H,|= —2<0
H(0,0,0)=| O -2 0 ||=<|Hy=4>0 s0(0,0,0) is a maximum point;
o 0 -2 Hs;| = —8 <0
-2 22 0
H(l,\/i,o): 2/2 0 0 || = |Hy| = -2 2V2 = -8<0
2v/2 0
0 0 —2
-2 =22 0
H(l,—\/i,o): ~2y2 0 0 :>|H2|:‘ —2 _2\/5:—8<O
0 0 —2 —2v2 0

and so (1,+/2,0) and (1, — 1/2,0) are saddle points.



