INTERMEDIATE TEST MATHEMATICS
for ECONOMIC APPLICATIONS 7/12/2018

IM1) z =€ = ¢. e = e (cos3m +isin31) = e (C0S3m + isin3n) =
= e(cosm +isinm) = — e. The two square roots of z are:

Vz=/e(cosm+isint) = /e (cos (g - lm) + i sin (g + lm)) with k=0,1.
The two roots are:

7 = ﬁ(cosg+z‘sing) = /ei and
3 .3
zgz\/é(cosiwjtz‘smiw) = —ei= —2.

I M 2) The characteristic polynomial of A is py(A\) = |A — All| =
1—A 0 1
= 0 k=X 0 :(k—)\)‘lz)\ 1iA
1 0 1—A
=(k—-N(\=2)) =AA—2)(k— ).
Matrix A has the eingevalues \; =0, X\, =2 and A3 = k, thus A admits multiple
eigenvalues ifand only if £ =0 or k£ = 2.

= =N -1) =

x
If £=0, an eigenvector associated to the eigenvalue A =0 is a vector X = || 29
T3
1 0 1 I 0
satisfying the condition ||[A —OI|| - X =0 = {0 0 O - |22 =10
1 0 1 I3 0
or, in system form:
Ty + 23 = 0 il
0=0 :>.CE3:—.CE1,andSOX: To V:cl,:cg.
T+ x3 = 0 — X1
Z1
If &= 2, an eigenvector associated to the eigenvalue A =2 is a vector X = || 29
T3
-1 0 1 I 0
satisfying the condition ||A —2I|| - X=0=1{ 0 0 0 ||-||z2|| =0
1 0 -1 I3 0
or, in system form:
— T +x3 = 0 I
0=0 :>.CE3:.CE1,andSOX: To V:z:l,xg.
Tr1 — T3 = 0 I

I M 3) From f(1,1,1) = (3,6, —3,9) = A-(1,1,1) = (3,6, — 3,9) we get:



1 r1 Y1 1 1+ 4+ 3
T2 Y2 2+ X9 + 1o .
-1 z3 y3 ’ } - — 1+ 23+ y; =1l _3 , SO the system:
3T U 3+ x4+ ys 9
r1+:1:1+y1:3 yo=2— 1,
<2+:1:2+yg:6 N yp =4 — x9
—1+x3+ys= —3 Y3 = —2— 13"
\3+£I?4+y4:9 Y, =6 — x4
From f(1, —1,1) = (3,4, —7,5) = A- (1, —1,1) = (3,4, — 7,5) we get:
Loz l—214+wy 3
2 x Y 11 2 — 29+ Yo 4
-1 x3 y3 _1 ol | R PSS | RO . From
3 Ty Ya 3—;134_}_3/4 5
(1 =2—1 3—2x, =3 z; =0andy, =2
y2:4—3?2 6—2.772:4 $2:1and 2:3
Yime 2, WEOR 39y, — _ 7 andso x3:2and33:_4'
\y4:6—$4 9—2374:5 :114:2andy4:4
1 0 2
1 3
Soweget A = 19 4
3 2 4

The dimension of the Image of the linear map is equal to the Rank & of the matrix A
while the dimension of its Kernel is equal to n — k, the difference between the dimen-
sion of the domain of the linear map and the Rank of the matrix A.

For the Rank of A, note that C5 = 2C; — Cy, thus the matrix has not full rank while
9 (1) is different from zero.

So the Rank of A is 2, the dimension of the Image of f is 2 and the dimension of the
Kernel of fis 1.

the determinant of the sub-matrix

I M 4) The three vectors X, X, and X3 are linearly dependent if and only if the deter-
minant of the matrix X = || X; X, Xj3]| isequalto 0.

6 4 2
8 k 2 k 2 8
o A I A IR
9 4 —6 4 6 2 6 2 4

= — 288 — 24k + 48 + 8k — 16 = — 256 — 16 k; thus the three vectors are linearly
dependent ifand only if £k = — 16. For k = — 16 we get X3 = (2, — 16, — 6) .
From aX; 4+ 38Xy + vX3 = O we get:

6a+48+2y=0 3a+28+~v=0 v= —3a— 203

20+80—-16v=0 =< a+43—-8y=0 = ¢ 20—-57v=0 =

204+48 —-67v=0 a+260—-3y=0 a+260+9a+66=0
v= —3a— 203 %52%5—25:%5

=¢20-5y=0 =(y=320 . So, for =5 we get:
50&—}-46:0 a:—%ﬁ

3]

(Oé,ﬁ,’}/) = (—4,5,2) = 4X; — 5Xy — 2X5 =0.



| M 5) Matrices A and B are similarif: A-P=P-B=B=P'.A.P.

1 1 -1 1 -2

R O Il B
1 -2 1 2 3 2 1 -2 5 4
] S O B i B [ B e B

-5 =2
10 5)



