TASK MATHEMATICS for ECONOMIC APPLICATIONS 23/03/2019

IM ) If 2= (1—14)*, calculate /% .

, 1.1 T 0w

F l—i=VvV2[—4=-1—4| =V2 — — :

rom ) \/_<\/5 Zﬁ) \/_<cos 1 +zsm4) we get
217

21 5 5
(1—14)° =2 2(cosT7T+isinT):2 2 coszw—kisinz7T

\/_—\/2\/§(cos(5ﬂ+k—)+isin(5§+k2—ﬂ)),0§k§1.
/ 5T

For k=0 :1/2 2<cos§+zsm—):—\/\/5—1-1—2\/\/_-1—1

for k=1:1/2 2(c0313—7r+zsin13—7r) + 1/ 2—1—@\/\/—#1

and so:

N———

2 00
I M 2) The characteristic polynomial of A = |0 1 1|] is
0 1 1
2—-A 0 0
paN) =]A-X[l=| 0 1-X 1 |=2-N[1-1*-1]=
0 1 1—A

= (2= X)(A* =2X) = A(2—=A)(A —2) = 0. So we get the three eigenvalues \; = 0,
Ao = A3 =2.
To find an eigenvector associated to the eigenvalue A = 0 we must solve the system:

2 00 T 0 -
IA—0I|-X=0=10 1 1| |z =0 {ixgr_xo 0 {?:O_w
0 1 1| | s 0 2T L
and so the eigenvectors associated to the eigenvalue A = 0 are (0, z, — x).
For z = 1 we get (0,1, — 1) and the corresponding unit vector |0, %7 - %) .

Corresponding to the eigenvalue A = 2 we must find two orthogonal eigenvectors.

We solve the system:

So an orthogonal matrix which diagonalizes A is U =

0 O 0 x 0 Vo
|JA=2I| - X=0=}0 -1 1 |[-|lz2f|=]l0 :>{ 1_ .

0 1 =1 | 0 T =
For x; = 9 = 1we get (1,1, 1) and the corresponding unit vector %, %, %
To find a second eigenvector associated to the eigenvalue A = 2 and orthogonal to the
eigenvector (1,1,1) we pose (1,1,1)- (z1,22,22) =21 + 229 =0 = xl = — 219
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I M 3) From Rouche-Capelli Theorem, if Rank (A) = Rank (A|Y) = k the system has oo™ *
solutions, where n is the number of the variables; in our problem n = 4. We study the Rank

111 1 | 1

of the augmented matrix: [|A]Y|| =1 1 1 2 | 1
333 h | m

By elementary operations on the rows: (R < Ry — Ry) and (R3 < R3 — 3R;) we get :
111 1 | 1
0 0 0 1 | 0 .By (R3 < R3 — (h — 3) - Ry) we get:
000 h=3 | m—3
1111 | 1
0 0 0 1 | 0 . And so :
0000 | m—3

— V h and m = 3 : Rank (A) = Rank (A|Y) = 2 : the system has 0o? solutions;
— Vh if m# 3 : Rank (A) = 2 < Rank (A]Y) = 3 : the system has no solutions.

I M 4) Since the vector X has coordinates (1, — 1) in the basis V = {(2,1);(1,1)} we get:

X= i } ‘ _11 ‘: (1) ‘.Inthebasis W ={(3,1);(2,1)} we have:
1 _ 3 2 BlEs! 3$1+2LII2:1:> 3$1—2LL’1:1:> =1 .
0 1 1 To 1 +29=0 To = — X To= —1

So the coordinates of the vector X in the basis W = {(3,1);(2,1)} are (1, — 1).
Exactly the same.

II M 1) From the equation f(x,y,2) = ze’ +ye” —xz =0 we get:
f(1,0,1) =1+ 0—1 =0 and so the point (1,0, 1) satisfies the equation. Then :
Vi(03,7) = (¢ — zwe! + e yet —a) = VA(1,0,1) = (0,1 +¢, — 1).

Since f(1,0,1) = — 1 # 0 it is possible to define an implicit function (x,y) — z(x,y)
o z 0 0z 1+e
hose d t :—(1,0) = — —=0;—(1,0) = — =1 .
whose derivatives are 81:( ,0) — ’8y( ,0) — +e

Max/min f(z,y, z) = 2? + y* + 2°
II M 2) To solve the problem: Lo { r—y+z=1 , we observe that the
T lr+y—2z=1
objective function of the problem is a continuous function, the feasible region £ is not a com-

pact set, but from the equations of the constraints we can easily explicitly solve respect one
variable:

{i;zi—'z; 1 = {ix:_xQ—l—y— L= {:j: L . Substituting we get:

f(z,y,2) = f(1,2,2) = F(2) =1 + 2° + 2 = 1 +22°. Since F'(z) = 4z simply we get
F'(2) =4z > 0forz > 0. For z <0 the function F(z) is a decreasing function, for z > 0
the function F'(2) is an increasing function and so the point z = 0 is a minimum point.

For z =0 we have also z =1 and y = 0 and so the point (1,0, 0) is the unique solution of
the problem and it is a minimum point.

If we want to solve the problem using the traditional Lagrangian function with first and
second order conditions we have:

Az,y, 2z, A, ) =22+ + 22— Mz —y+z—1) -z +y—2z—1).

First order conditions bring to the system:



A;:2x—)\1—)\2:0 xr=1
A;:2y+)\1—)\2:0 y=20
AN, =22—X+X=0 = ¢ 2=0 .For the second order conditions we use the borde-
r—y+z=1 A =1

x+y—z:1 )\2:1
0 0 1 -1 1
0 0 1 1 —1
red Hessian matrix: Hj = 1 1 2 0 0
-1 1 0 2 0
1 -1 0 0 2
0 o 1 -1 1 0 0 1 -1 1
0 0O 1 1 -1 0 0 1 1 -1
Since [H;|={ 1 1 2 0 0 |=|1 1 2 0 0=
-1 1 0 2 0 0 2 2 2 0
1 -1 0 0 2 0o -2 -2 0 2
0 1 -1 1 0 1 -1 1
T R S 1 P LU 1—1:2}_11_11:
2 2 2 0 0 0 2 2 0 9 9
-2 =2 0 2 -2 =2 0 2
1 -1 1
=2-10 2 —2|=2-(4+4+4) =16 >0, constraints are two, an even number, and
0 2 2

since |H;| > 0 we find again that the point (1,0, 0) is the unique solution of the problem and
it is a minimum point.

I1 M 3) Since the function f(z,y) = x*y — 23> + ¥ is clearly a differentiable function in R?,
we simply calculate D, f(1,1) = Vf(1,1)-v and D, f(1,1) =V f(1,1) - w
Vf(a:,y):(Qxy—yZ;xQ—Qxy—F 1) = Vf(1,1) = (1,0).

So D,f(1,1) =(1,0) - (cosa,sina) = cosaw while D, f(1,1) = (1,0)-(1,0) =1 and
from this we get cosa=1= a =0.

IT M 4) To analyze the nature of the stationary points of the function we apply first and
second order conditions. For the first order conditions we pose:

_ fo=2@—-2y)—2-2-(y—22)=0 102 — 8y = 0
Vi@y) =0= {f;= ~2:2-(z—2y)+2(y—22) =0~ | —8z+10y=0
from which we get the unique solution { z f 8 .
For the second order conditions we construct the Hessian matrix:
B || 10 -8 ) |H;| =10>0
H(z,y) = H(0,0) = || ~ s 10 |- Since { [H,| = 100 — 64 = 36 > 0 we see that the

point (0, 0) is a minimum point.



