TASK MATHEMATICS for ECONOMIC APPLICATIONS 4/06/2019

IM ) If z = !5 calculate /2 .
From z = ! 3™ = ¢. 737" = ¢. (cos ( — 37) + isin ( — 37)) =

=e-(cos(—m)+isin(—m)) =e-(cosm+isinT)= —e.

sof_ﬁ_f< ( k%>+isin<g+k2§>>,0§k§2.
For k=0 : {/e - (cos 5 +ising ) = V/e - (% i)

for k=1: /e - (cosm+isinm) = — /e ,

1
for k=2 : %'(COS%‘FiSiD%) :\?/g~ <§—z§)

ai; a2
Q21 Q22
genvalue A\ = 0 and the eigenvector (1, — 1) corresponding to the eigenvalue A = 1. Find
the matrix A.

The matrix A satisfies :

I M 2) The matrix A = admits the eigenvector (1, 1) corresponding to the ei-

1 1 0 ai; a2 1 0
o H R I g b HH R KB
apn +aip =0 ajp = —an
agn +azp =0 ag = —azx
The matrix A satisfies :
ail a1 1 1
o U R I B it o el R R R R B
:>{a11—a12—1 :>{2CL11—1:> a11:% alQZ_%.
ap —agp = —1 2a90 =1 as = ag = —
1 _1
SOA:‘ 2R
2 2
3 2 1
I M 3) Check if the matrix A = ||1 4 4| is a diagonalizable one.
1 2 5
3 2 1
The characteristic polynomial of A = ||1 4 4] is:
1 2 5
3—A 2 1 2—-A 0 A—4
pa(N)=JA=X| =] 1 4 — )\ 4 |=| 1 4— A\ 4 | =
1 2 5—A 1 2 5—A
=2-AN=-9A+20-8)+(A—4)(2—4+)) =

=2-NAN=9+12) + A —4)(A—2) = (2= A)(A\* =10\ +16) =
:(2—)\)()\—8)()\—2):0:>)\1:)\2:231'1dA3:8
To check if the matrix is a diagonalizable one we have only to study the Rank of ||A — 21| to
find the geometric multiplicity of A = 2.



Since ||A — 2I|| = we immediately get Rank(A — 2T) = 2 and so:
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m$ =3 —2=1<2=m§ and the matrix is not a diagonalizable one.

I M 4) Given the linear map f: R® — R? f(X) = A - X with A = find a

1 1 2

basis for the Kernel of such map and then find all the vectors having (1,1) as their
image.
To find a basis for the Kernel of such map we must solve the system:

T
Skt MRS ] Nt g Ptiettig iy
z
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1 1 2 0 r+y+22=0 z=0

Every vector belonging to the Kernel of such map is a vector of the form (z, — x,0).
We see also that Dim(Ker) = 1 and a basis is formed by the vector (1, 1 ,0).
To find all the vectors having (1, 1) as their image we must solve the system:

T
N 11 1 N r+y+z=1 y=1-2z
Sl 1 B T B 1 1 B PASATRIRg b

and so we get all the vectors of the form (z,1 — x,0) = f(x,1—2,0) = (1,1).

II M 1) Given the function f(z,y) = x> — kxy + 9, v the unit vector of (1,1) and w the
unit vector of (1,2), find the value for the parameter & for which D, f(1,1) = D, f(1,1)
and then calculate Di,w f(1,1).

f(z,y) = 2* — kxy + y* is a twice differentiable function V (x,7) € R*. So:

Dof(1,1) = Vf(1,1) -vand Dy f(1,1) = V£(1,1) - w

Easily we see that Vf(x,y) = (22 — ky;2y — kx) = Vf(1,1) = (2—-k;2—k);

(N (e
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1 1 1 2
DJ(I,l):(Q—k,Q—k)-(E,%):Dwf(l,l):(2—k,2—k)-(76,%)
b (G
can be satisfied only if (2—-%k)=0=k =2.

So f(z,y) = 2° + 2zy + y* and D?)’wf(l, 1) =v-H(1,1) w’
From Vf(z,y) = (2x — 2y;2y — 2z) we get

to get:

from which we get: (2 — k) and this equality

H(z,y) = _22 _22H:]HI(1,1) and so :
1 —2
D2 )= |l 2 2 -2 %_L_ =0
DR ol N RS [ i o R
5 5
2 _3xyz=0
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II M 2) Given the system {f(x,y, B =2yt satisfied at the

g(ajv Y, Z) ="V 4eVF—2eT =0
point P = (1,1,1), verify that it is possible to define an implicit function
x — (y(x),z(x)) and then calculate the derivatives of such function at = = 1.



a(f, 2x — 3yz 2y — 3xz 2z — 3x
From % T etV £ 2322—93 _ each—y 4 e¥F  _eY—r Q?éz—x we get.
%(1,1,1): _31 _01 :; and since _01 :;‘:37&Oitispos_
sible to define an implicit function x — (y(z), z(x)) . For its derivatives we get:
-1 -1 -1 -1

dy ‘3 -3 6 dz ‘O 3| —3_1
de | -1 -1 3  Tdz |-1 -1 3

I I

Max/min f(z,y) = 2> +y
11 M 3) Solve the problem: . { 2?2 +y? <1
u.c.:
y=>0
The objective function of the problem is a continuous function, the feasible region £ is a
compact set, and so surely exist maximum and minimum values.
The Lagrangian function is: A(z,y,\) = 2> +y — A\ (332 + 9% — 1) = X(—1y).
I)case \y = XAy =0 :
AN, =2x=0 , : : .
{ Agy 140 and so we don't get any internal stationary point.
2)case A1 Z0; X =0 :
A =2z -2z =22(1—X)=0

A =1-2\y=0
4 ty from which we get two systems:

y=>0

'.CC:O x:o

)\1:l y=1 . . . .
sl) < 2 = 1 and since A; > 0 this may be a maximum point;

y>0 1>0

(Y=

rl—)\lz() )\1:1 )\1:1 )\1:1

1 _ 1 — 1 1

Y= V=3 Yy=3 Y72 -
s2) < 2M =< , ‘3= /3 and 3 and since A\; > 0 both

2’ +yt =1 T =" T= =5

(¥=0 320 1> 1>0

points may be maximum points.
3)case A\ =0; Ay #0 :

A/:]_ )\ :0 —

yy 0 A = ?;\ 0 ] and since Ay < 0 this may be a minimum point.
— 9 = —

2?2 +y2 <1 0+0<1

4)case A\ #0; N0 #£0 :

(A =2z —-2\z =0 AN =2z —-2\z =0

A§/:1—2)\1y+)\2:0 A;:1—2)\1y+)\220

S ¢ 9 9 = | and we get two systems:
{:1: +2 =1 {leand{x:—l

( Lly=0 y=0 y=0



(22X, =0 =1
sl) < ;+)i2 =0 = ?)J\: 01 : since A\; > 0 and A9 < 0 this point is not a maxi-
prm— 1:
ly=0 o= —1
mum nor a minimum point;
(—24+2)\, =0 r=—1
s2) < ;:+)\2TO = 2)4\201 : since A\; > 0 and Ay < O this point is not a maxi-
= — 1:
\yzO AQZ -1

mum nor a minimum point.
Surely (0,0) is the minimum point (f(0,0) = 0). If we study the objective function in the
points satisfying the equation 2° 4 y* = 1 = 2° = 1 — ¢* substituting we get :

1
f(y) =1 —y* +y from which we get f'(y) =1 —2y > 0 fory < 3"

So <\/§ 1) and <_ ﬁl) are maximum points, (f(@,%) = f(— @,%) = 1)

2 72 272
while (0;1) is nothing. If we study the bordered Hessian matrix for the equality constraint
0 2z 2y
z? +y* =1 at point (0;1) we get: H(z,y, \) = |[22 2 —2)\ 0 from which we
2y 0 - 2)\1
B 1 0 0 2
get ‘H(O,l, —)‘ =10 1 0 |=2-(—2)<0 and so the point may be a minimum
2 2 0 -1
point. Another reason to say that (0, 1) is nothing.
1

AT
/: £ \

b=
L=

<.
I\.'J| m»]

_

o3

I1 M 4) Given the function f(z,y) = 2° — xy — = + y* analyze the nature of its statio-

nary points.

To analyze the nature of the stationary points of the function we apply first and second order
conditions. For the first order conditions we pose:

B fl=2x—y—1=0 Jy=1

. x =
solution
y =

For the second order conditions we construct the Hessian matrix:

from which we get the unique

Wl w0



(21N |2 -1 . [ =2> 0
H(Oﬁ,y)—H(?),B)—H_l 9 H Since {|H2|:4—1:3>0 we see that the

21
point (5’ g) is a minimum point.



