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I M 1) If , calculate .D œ / D"$ 31 $
From cos sinD œ / œ / † / œ / †  $  $"$ 3 $ 31 1     1 1 3 œ
œ / †   / †      cos sin cos sin .1 1 1 1 3 œ  3 œ  /
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I M 2) The matrix  admits the eigenvector  corresponding to the ei- œ "ß "
+ +
+ +   "" "#

#" ##

genvalue  and the eigenvector  corresponding to the eigenvalue . Find- -œ ! "ß  " œ " 
the matrix .
The matrix  satisfies À

 † œ ! † œ Ê † œ Ê
" " ! + + " !
" " ! + + " !           "" "#

#" ##

Ê Ê
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The matrix  satisfies À

 † œ " † œ Ê † œ Ê
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# #

## #"
" "
# #

.

So . œ


 " "
# #
" "
# #

I M 3) Check if the matrix  is a diagonalizable one. œ
$ # "
" % %
" # &

      
The characteristic polynomial of  is œ
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- - -
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

$ # " # !
" % % " % %
" # & " # &

œ #   *  #!  )   % #  %  œ     - - - - -#

œ #   *  "#   %  # œ #   "!  "' œ         - - - - - - - -# #

œ #   )  # œ ! œ œ # œ ) Þ   - - - - - -Ê " # $ and 
To check if the matrix is a diagonalizable one we have only to study the Rank of  to  ˆ #
find the geometric multiplicity of - œ # .



Since  we immediately get  
        ˆ # œˆ
" # "
" # %
" # $

 # œ #Rank  and so: 
7 œ $  # œ "  # œ 71

#
+
#  and the matrix is not a diagonalizable one.

I M 4) Given the linear map  with  find a0 À Ä ß 0 œ † œ
" " "
" " #

‘ ‘ —  — $ #    
basis for the Kernel of such map and then find all the vectors having  as their "ß "
image.
To find a basis for the Kernel of such map we must solve the system:

 — † œ Ê † œ Ê Ê
" " " ! B  C  D œ ! C œ  B
" " # ! B  C  #D œ ! D œ !

B
C
D

     
       .

Every vector belonging to the Kernel of such map is a vector of the form . Bß  Bß !
We see also that Dim Ker  and a basis is formed by the vector .   œ " "ß  "ß !
To find all the vectors having  as their image we must solve the system: "ß "

 —† œ Ê † œ Ê Ê
" " " " " B  C  D œ " C œ "  B
" " " # " B  C  #D œ " D œ !

B
C
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       
      

and so we get all the vectors of the form .     Bß "  Bß ! Ê 0 Bß "  Bß ! œ "ß "

II M 1) Given the ,  the unit vector of  and  thefunction 0 Bß C œ B  5 BC   # C @ "ß " A#  
unit vector of  "ß # "ß " "ß ", find the value for the parameter  for which 5 H 0 œ H 0@    A

and then calculate .H 0#
@ßA  "ß "

0 Bß C œ B  5 BC   # C a Bß C −# # is a twice differentiable function . So:  ‘
H 0 œ f0 † @ H 0 œ f0 † A@        "ß " "ß " "ß " "ß " and .A

Easily we see that ;f0 B œ #B  5C à #C  5B Ê f0 œ #  5à #  5       ß C "ß "

@ œ à à A œ à
" " " #

# # & &
        to get:

H 0 œ #  5à #  5 † à œ H 0 œ #  5à #  5 † à
" " " #

# # & &
@              "ß " "ß "A

from which we get:          #  5 †  œ #  5 † 
" " " #

# # & &
 and this equality

can be satisfied only if . #  5 œ ! Ê 5 œ #
So .0 Bß C œ B  #BC  H 0 œ @ † "ß " † A     # # XC "ß "#

@ßA and ‡

From  we getf0 B œ #B  #C à #C  #B   ß C

‡ ‡   Bß C œ œ "ß " À #  #
 # #

 and so
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# # # #

" #
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# #

& &

@ßA      "ß " œ œ
#  #
 # #    

  
                .

II M 2) Given the system , satisfied at the
    0 Bß Cß D œ B  C  D  $BCD œ !

1 Bß Cß D œ /  /  # / œ !

# # #

BC CD DB

point , verify that it is possible to define an implicit functionT œ "ß "ß " 
B Ä C B ß D B B œ "      and then calculate the derivatives of such function at .



From  we get:
` 0ß 1

` Bß Cß D
œ

#B  $CD #C  $BD #D  $BC
/  # /  /  /  /  # /
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` 0ß 1

` Bß Cß D
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 "  "  "  "  "
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         and since  it is pos-

sible to define an implicit function . For its derivatives we get:B Ä C B ß D B    
.C ' .D  $

.B $ .B $
œ  œ  œ  #à œ  œ  œ "

 "  "  "  "
$  $ ! $
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 .

II M 3) S
Max/min  

u.c.: 
olve the problem: .




 


0 Bß C œ B  C

B  C Ÿ "
C   !

#

# #

The objective function of the problem is a continuous function, the feasible region  is aX
compact set, and so surely exist maximum and minimum values.
The Lagrangian function is: .A - - -    Bß Cß œ    CB  C B  C  "# # #

" #

1) case - -" #œ œ ! À

A
A

w
B
w
C

œ #B œ !
œ " !Á

 and so we don't get any internal stationary point.

2) case - -" #Á !à œ ! À
A - -
A -

w
B " "
w
C "

œ #B  # B œ #B "  œ !
œ "  # C œ !

 
B  C œ "
C   !

# #  from which we get two systems:

s1)  and since this may be a maximum point;
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-

-
-

"

"
"
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"
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#
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s2)  and  

                     

    

    
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#

"
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"
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# # #Ê Ê$
%
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  and since -"  !  both

points may be maximum points.
3) case - -" #œ !à ! ÀÁ       
A
A -

-
-

w
B
w
C #

#
#

œ #B œ !
œ "  œ !

B œ !

 !
C œ !

B  C Ÿ "

C œ !
œ  "

!  ! Ÿ "# #

Ê  and since this may be a minimum point. 

4) case - -" #Á Á!à ! À         
A - A -
A - - A - -

w w
B B" "
w w
C C" # " #

œ #B  # B œ ! œ #B  # B œ !
œ "  # C  œ ! œ "  # C  œ !

B  C œ "
C œ !

B œ " B œ  "
C œ ! C œ !

# # Ê

 and 
 and we get two systems:



s1)   since 

       
#  # œ ! B œ "
"  œ !

œ 

 !  !

-
-

-
-

- -

"

#

"

#

" #B œ " œ "
C œ ! "

C œ !
ÀÊ  and  this point is not a maxi-

mum nor a minimum point;

s2)   since 

       


B œ  " œ "
C œ ! "

C œ !
À

#  # œ ! B œ  "
"  œ !

œ 

 !  !

-
-

-
-

- -

"

#

"

#

" #Ê  and  this point is not a maxi-

mum nor a minimum point.
Surely  is the minimum point . If we study the objective function in the    !ß ! 0 !ß ! œ !
points satisfying the equation  substituting we getB  C œ " B œ "  C À# # # #Ê

0 C œ "  C  C 0 C œ "  #C   ! C Ÿ
"

#
   # w from which we get  for .

So  and  are maximum points,          $ " $ "

# # # #
à  à 0 à œ 0  à œ "

 $ $
# # # #

" "

while  is nothing. If we study the bordered Hessian matrix for the equality constraint !à "

B  C œ " !à " Bß Cß œ
! #B #C
#B #  # !
#C !  #

# #  at point  we get:  from which we   
      ‡ - -

-
" "

"

get  and so the point may be a minimum  
      ‡ !ß "ß œ œ #
! ! #
! " !
# !  "

"

#
†  #  ! 

point. Another reason to say that  is nothing. !ß "

II M 4) Given the function  nalyze the nature of its statio-0 Bß C œ B  BC  B  C  # # a
nary points.
To nalyze the nature of the stationary points of the function we apply first and second order a
conditions. For the first order conditions we pose:

f Ê Ê
0 œ #B  C  "
0 œ  B  #C œ !

$C
B œ #C

0 Bß C œ
œ ! œ "    w

B
w
C

 from which we get the unique

solution B

C œ
Þ

œ #
$
"
$

For the second order conditions we construct the Hessian matrix:



‡ ‡
‡
‡

         Bß C œ ß œ
# "

$ $

#  "
 " # œ %  " œ $  !

. Since  we see that the"

#

œ #  !

point  is a minimum point. # "

$ $
ß


