TASK MATHEMATICS for ECONOMIC APPLICATIONS 5/07/2019
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IMI)If 2, = e 13T and 25 = e (cos 1 + ¢sin Z) , calculate /21 - 29 .
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The matrix is a symmetric one, and so it is surely diagonalizable by an orthogonal matrix.
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For finding the corresponding eigenvectors we solve two systems.
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get two orthogonal eigenvectors X3 =

and so the eigenvectors (7,

(1, —1,0,0) and X4 = (0,0,1,1).

— x1, T3, x3) from which we



Using the corresponding unit vectors as columns we find the orthogonal matrix:
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I M 3) The matrix A = a an 312 admits the eigenvectors (1,1) and (1, — 1) both correspon-
21 022

ding to the eigenvalue A\ = 1. Find the matrix A.
The matrix A satisfies :

1 . 1 - 1 ail a1 1 . 1
A H1 =1 1‘““1 an am || |[1]] T
an +app =1 a2 =1—a
asr +agp =1 as; =1 —ag
The matrix A satisfies also :
ail a2 gl | 1
T Y R Y o Y g el B Y ] )
N ayp —app =1 ap—1+an =1 2a11 = 2 ajp =1
as —axp = —1 1—ap—apn= -1 2a90 = 2 ap =1"
a2 0 1 0
so (o 2o amd =

I M 4) Given the vector subspace W of R? having base {W; = (1,0,1); W, = (1,1,0)}, check
the values for the parameter & for which the vector X = (1,1, k) belongs to W.
Our problem is like checking for the existence of solutions of a linear system having this

11 |1
augmented matrix: (A|Y) =10 1 | 1|. To get Rank(A) = Rank(A|Y) so to satisfy
1 0 | k
Rouche-Capelli Theorem, since Rank(A) = 2, we simply need to get Det(A|Y) = 0 and so:
1 1 1 1 1 1 1 1 1
0 1 1}=]0 1 1 =10 1 1|=k=0.
1 0 k 0 -1 k-1 0 0 k
So the vector X = (1,1, k) belongs to W only if £ = 0.

II M 1) Given the function f(x,y) =xe’ —ye® and the unit vector v = (cos o, sin ), find
the values of « for which D?wf(l, l)=e

f(xz,y) = xze’ —ye” is atwice differentiable function ‘v’(
D,f(1,1) =V f(1,1) v and D f(1,1) =v-H(1,1) - 0"
We get Vf(z,y) = (e —ye";2e’ —e") = Vf(1,1) = (0,
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0);

F v — (&Y Tl o H _ || —yet ef—ef d so:
rom Vf(x,y) = (¢! —ye’;ze’ —e®) we get H(z,y) = o ot e and so:
||l —e O 2 B . cosa|l
H(1,1) = H 0 H = D, ,f(1,1) = |[cosa sina| - H(1,1) sina || =
. —e 0 COS (v ) — ecos o
=|lcosa sinal| - ) =|lcosa sinal| - : =
0 e sin & e sin «

= —ecos’a+esina = —ecos2a = e for:



cos2a = —1:>2a:7r:>a:gor 2a:37r:>o¢:3§.

I M 2) Given the equation f(z,y,2z) =xe’ * —ye® * =0, satisfied at P = (0,0,0), verify
that it is possible to define an implicit function (z,z) — y(z,z) and then calculate the deriva-
tives of such function at y = 0.

From Vf(z,y,2) = (¢! * —ye* “;xe’ " —e" % —ze’ *+ye" %) weget:

V£(0,0,0) = (1; —1;0) and since f,(0,0,0) = —1# 0 it is possible to define an implicit
function (z, z) — y(x, z) . For its derivatives we have:

oy 1 oy 0

or -1 " 0z -1

Max/min f(z,y) = z v*

y+x—-—3<0
uc: 0<z

O0<y
The objective function of the problem is a continuous function, the feasible region £ is a triangle
in the first quadrant of the real plan, i.e. a compact set, and so surely exist maximum and mini-
mum values.
It is not convenient to use Kuhn-Tucker's conditions. We check for free maximum or minimum
points and then we study the problem in the boundary points.
In the first quadrant, since = > 0 and y > 0, we get f(z,y) = 2y*> > 0, and so all the points
belonging to the axes x = 0 and y = 0, where f(z,0) = f(0,y) = 0, are minimum points.
For free maximum or minimum points we get:

I .2

{ ;z ; gxy_zo 0= { Zx: 0° points just studied.
It remains only to study the points satisfying 3y + z —3=0= 2z =3 — 3y.
Substituting we get: f(3 — 3y,y) = (3 — 3y) ¥* = 3y* — 3y® and deriving we get:

2
f/(y)ZGy—9y2:3y(2—3y)ZOforOgygg.

II M 3) Solve the problem:

2 2 4
So the point (1; §) is the maximum point, with f (1; §> =3 while all the points (x,0) and

(0, y) are minimum points (red lines)
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II M 4) Given the function f(z,y,2) = 2° — 42 + 3> + 2* 4+ 5z — 2y analyze the nature of its
) Y

stationary points.
To analyze the nature of the stationary points of the function we apply first and second order

conditions. For the first order conditions we pose:

fi=3"—8x+5=0 r=2orx=
Vi,y2))=0=< f,=2y—-2=0 = y=1 and so we get two statio-

5
nary points: P} = (g, 1; O) and P, = (1;1;0). For the second order conditions we construct

6x—-8 0 0
the Hessian matrix: H(x,y, z) = 0 2 0
0 0 2
- 2 0 0 IH|=2>0
]HI(—; 1; 0) =10 2 0f].Since § |Hy| =4 >0 the point P, is a minimum point.
3 00 2 [H| = 8 > 0
-2 0 0
H(1;1;0)=| 0 2 O0}].Since { Hyf = =2 <0 the point P, is a saddle point.
0 0 2 |H;|=2>0




