Intermediate Test QUANTITATIVE METHODS
for ECONOMIC APPLICATIONS 21/11/2019

I M 1) Given the polynomial equation z* — \/5 x + k = 0, determine the value of k£ for which
this equation admits the solution = = e ', Then calculate the square roots of the other solution.
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From z = e 1° wegetx:cosz—l—z’sinz:——H'T;from $2—\/§$C+kzoweget:
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x:ﬁi\gm:?i@:?ii? if2—dk=—2=k=1.
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So the second solution of the equation is 9 = — — ¢ 5 =C0s +dsin — .
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So \/x9 = cos (—+k7> + ¢ sin (§+k—),0§ k <1 from which:

8
= COS + ¢ sin and ¢y = cos 15 + ¢ sin 15
c] = — — = — —
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I M 2) Given the matrix A= |k 1 — 1|| determine the value of the parameter k£ such
0o -1 1
that the matrix admits the eigenvalue A = 0 and, for this value of k, find one modal matrix
which diagonalizes A.

If the matrix admits the eigenvalue A = 0 surely the matrix is a singolar one, i.e. its determinant

1k 0
isequaltozero.So |[A|=|k 1 —1|=11-1)—k(k—-0)= —k*=0iffk=0.
0 -1 1
1 0 0
SoA=]0 1 —1| andso, from |A — AI| =0 we get:
0o -1 1
1—A 0 0

0 1-X —1|=010-NA-)D1-XN-1)=1-N)AN=-2))=0
0 -1 1-A
to get the eigenvalues A\; =0, Ao =1 and A3 = 2.
Since the matrix is a symmetric one, the matrix is diagonalizable. Furthermore it has all distinct
eigenvalues. To get the corresponding eigenvectors, we must solve three systems.
For A\; = 0 we solve:

1 0 0 T 0 z=0 ~0
JA—0-I|=|l0 1 —1|-[ly]|=]0|l=Ky—2=0 :>{x:

0 -1 1 2 0 —y4+2=0 y=z
and so eigenvectors corresponding to A\; = 0 are V; = (0,y,y) = (0,1,1).

For Ay = 1 we solve:

0 O 0 x 0 Vo
IJA—1-T|=1{0 0 =1 -|{y||=0]|=4¢2=0
0O —1 0 z 0 y=20

and so eigenvectors corresponding to A\ = 1 are Vy = (2,0,0) = (1,0,0).



For A3 = 2 we solve:

—1 0 0 T 0 z=0 P
a-2r=| o -1 =1y = o > dursmo= {720
0 -1 -1 ||z 0 y+2=0 - Y

and so eigenvectors corresponding to A3 = 2 are V3 = (0,y, —y) = (0,1, — 1).
Since the matrix is a symmetric one, the matrix is diagonalizable by an orthogonal matrix, and so
we must transform the three vectors in unit vectors, to get the modal orthogonal matrix which is:

0 1 0
S S
U=]2 V2
L9 -1
V2 V2

I M 3) If in the basis V= {(1,1,0);(1, —1,0);(2,0,1)} the vector X has coordinates
(1,2, — 1), determine its coordinates in the basis W = {(1,1,0); (1, — 1,0);(0,2,1)}.

If the vector X has coordinates (1,2, — 1) in the basis V = {(1,1,0); (1, — 1,0);(2,0,1)} we

1 1 2 1 1
get: X=1|1 —1 Of-| 2 |[=]| —1| . To determine the coordinates of X in the other
0 0 1 -1 -1

basis W = {(1,1,0); (1, — 1,0);(0,2,1)}, we must solve the system:

1 1 0] |2 1 x 11 of |1

1 =1 2|-ly||=]| —1]| orcalculate ||y|| =11 -1 2 =1

0O 0 1 z -1 z 0O 0 1 -1
Using the first method we get:

1 1 0 x 1 r+y=1 r+y=1 rz=1

1 =1 2| -flyl|l=]| -1l]|=<z—y+2z=-1=>Cz—y=1=<y= .

0O 0 1 z -1 z= —1 z= —1 z= —1

-1 -1 0
Using the second method we get: Adj(A)=1| —1 1 0
2 -2 =2
-1 =1 2
Then (adj(A))" =| —1 1 —2|,and since det(A) = — 2, we finally obtain:
0 0 —2
b RN
Al = % —% 1 || andsoweget ||y = % —% 1 |- =1|l=1] O
0 0 1 z 0 0 1 -1 -1

I M 4) Given a linear map f : R®* — R?, Y = A - X, determine the matrix A knowing that such
linear map satisfies these three conditions:

a) f(1727 1) = (1737 3) )

b) (1,1,0) € Ker(f);

¢) (1,1,1) is an eigenvector of A corresponding to the eigenvalue A\ = 1.

From the first condition we get:

a1 a2 a3 1 1 a1 +2a12+a3 =1
az  ax ax| - (|2 =3 = { axn + 2a» + a3 =3;
azr azgx ass 1 3 az1 + 2asx +azz = 3

from the second condition we get:



ay;  aip a3 1 0 ay; +aip =0
a1 Qa3 LI =10 = § a1 +ax=0,;
asy  asz  a33 0 0 as; +az =0
from the third condition we get:
ap; a2 a3 1 1 an +aip+az =1
ag) G a9y Lil=|1|= 4 a1 +ax+asz=1.
asy az a3 1 1 asy +azg +azz =1
We have so obtained three systems:
ay; + 2a12 +a13 =1 aj; =0
a1 +ap =0 =< ap=0
ain +az +az =1 ajz =1
a1 + 2a2 + a3 = 3 ag = — 2
a9 + ag =0 =< ag =2
asr + ax + a3 =1 agz =1
asi + 2azs +asz = 3 asy = — 2
as; +az =0 = az = 2
az +asy +azz =1 ags =
0 1
And finally A = 2 2 1.
-2 2 1

T, — 209+ 223+ x4 =1
3T1 — o+ 2x4 =1

1 +3rs+mas+kxy =0
meters m and k, the existence and the number of its solutions.

I M 5) Given the linear system , check, depending on the para-

To solve the problem we must apply Roucheé-Capelli theorem to the system, and so we study the
Rank of the matrix A and the Rank of the Augmented matrix (A|Y).
By elementary operations on the rows (R < Ry — 3R;) and (R3 «+— R3 — R;) we get:

1 -2 2 1 ] 1 1 -2 2 1] 1
3 -1 0 2 | 1f|—=|0 5 -6 -1 | =2|;
1 3 m k | O 0 5 m—-2 k-1 ] -1

by another elementary operation on the rows (Rs < R3 — Ry) we get:
1 -2 2 1| 1 1 -2 2 1 ] 1
0 5 -6 -1 | =2{—=|0 5 -6 -1 | =2
0 5 m—-2 k-1 ] -1 0 0 m+4 Kk | 1

Using this last matrix we see that:

If m= —4 and k=0 itis Rank(A) = 2 < Rank(A|Y) = 3 and so the system has no solu-
tions;

if m# —4 or k+# 0 itis Rank(A) = 3 = Rank(A|Y) and so the system has co! solutions.



