QUANTITATIVE METHODS for ECONOMIC APPLICATIONS
MATHEMATICS for ECONOMIC APPLICATIONS
TASK 16/7/2020
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I M 1) Calculate the square roots of the number z =

7 7
Since 1 —¢ = ﬁ(coszﬂ%—z’sin%) and 1 +1¢= ﬁ(cosg—kisin%) we get :

7 . -7
1—14 ﬁ(cosf—kzsmf) (77r 7T> . (77T 7r)
= = =S| T +aismn| — —— | =

z = —
141 ﬁ(cos%—kisin%) 4 4 4
6r . . 6w 3m .. 37 .
z = €08 — + isin — = cos — + ¢sin — = — ¢. Then we get:
3 2 3 2
\/;:cos(%%—kg)+isin<£+k§),0§k§1.
3 3

1 1

For k=0 weget zp =cos — +isin— = — — + —=1;
4 4 \/5 \/5
Tm .77 1 1 .

for k=1 we get z; = cos — +isin — = ——=1.

I M 2) Determine an orthogonal matrix that diagonalizes the matrix A =

— = O
=
O = =

The matrix is a symmetric one, therefore certainly diagonalizable by means of an orthogonal
matrix. From |A — AI| = 0 we get:

-x 1 1 —A-1 1 1
1 —x 1 |= 0 —A 1 | =(=2-1DNV-D+1+N1+)N)=
1 I = 1+ A 1 =

(=A-1N=1-(1+N))=-QA+DH(N=-r=-2) =
= -A+DA+ 1A -2)=0

and so we get the eigenvalues A\ = Ao = — 1 and \3 = 2.
Now we have to find two eigenvectors corresponding to A = — 1 orthogonal to each other.
So we need to solve the system: ||A — (—1)I|| - X = O that is:
1 1 1 T 0
1 1 1 -||ly||=||0|=2z+y+2=0=>2=—x—y.
1 1 1 z 0
All the eigenvectors corresponding to A = — 1 are expressible as (x,y, —z — y).

For z =1 and y = 0 we get the first eigenvector: X; = (1,0, — 1).

To obtain the second eigenvector we impose the orthogonality condition :
Xi-X=(1,0,-1) (z,y, —z—y)=v+z+y=0=y= —2z.

And so the eigenvectors (z, — 2z,x).For z =1 we get Xo = (1, — 2,1).

Now we have to find one eigenvector corresponding to A = 2 and so we need to solve the
system: ||A — 21| - X = O that is:



-2 1 1 T 0 —2x4+y+2=0 z=2xr—vy

1 -2 1 yll=0||=¢z—-2y+2=0 ={3z-3y=0=
1 1 -2 z 0 r4+y—22=0 3y —3x =0

= ‘Zii and so the eigenvectors X = (z,x,z).For x =1 we get X3 = (1,1,1).

To get an orthogonal matrix we must get the corresponding unit vectors and so :
1
from X; = (1,0, — 1) we get V; = ( .0, ——)
f
[ 7 7) )
Lo

from Xy = (1, —2,1) we get Vy =

Mﬁ?x\

from X3 = (1,1,1) we get V3 = (

So an orthogonal matrix that diagonalizes the matrix A is U = 0 - % %
I M 3) Determine, on varying the parameter m, the dimensions of the Image and the Kernel of
the linear map R* — R?, f(X) = A - X, with A = ; —11 3

1 2 m

By Sylvester Theorem we need to calculate the Rank of the matrix A.
By elementary operations on the rows (Rs < Ry — 2 R;) we get :

1 1 2 1 1 2
2 -1 2||—1(|0 -3 =2
1 2 m 1 2 m
By elementary operations on the rows (R3 < R3 — Ry) we get :
1 1 2 1 1 2
0 -3 —=2(|—=1||0 =3 =2
1 2 m 0 1 m—2
1 1 2
The determinant of the matrixis |0 —3 -2 |=1-(—-3m+6+2)= —3m+38.
0 1 m-2
If—3m+8—0=>m——§:>Rank(A) 2 =

= Dim(Imm(f)) = 2 and Dim(Ker(f)) =
if —3m+8#£0=m%# —géRank(A) 3=
= Dim(Imm(f)) = 3 and Dim(Ker(f)) =

I M 4) Determine the value of the parameter k& for which the vector X = (1,k,1) can be ex-
pressed as a linear combination of the vectors X; = (1,2, — 1) and Xy = (1,1,2) and then
find the coefficients of such combination.

If X can be expressed as a linear combination of the other two vectors it means that the three
vectors are linearly dependent. Therefore the determinant of the matrix having the three
vectors as its lines must be equal to 0:



1 1 1 1 1 1
Weget |[Al=| 2 1 k|=|0 -1 k—2|=1(—-2-3k+6)= —3k+4.
-1 2 1 0 3 2
4
If —3k+4=0= k= - the three vectors are linearly dependent and so the vector

4
X = (1, 3 1> can be expressed as a linear combination of the vectors X; = (1,2, — 1)

and X5 = (1,1,2). From X = aX; + X, we get the system:

1 1 1 a+p=1 b=1—a«
all 2 |+8|1]|=|3||=32+8=53 ={20+1-a=3 =

-1 2 1 —a+28=1 —a+2(1—-a)=

2

6:11—Oé:§ N 1

_ =3 4 1 2
~{a=3 é{ﬁ:gandso (1,5,1):5(1,2,—1)+§(1,1,2).

—5+2(1-4) =1 3

I1 M 1) Solve the problem : Solve the problem : { Max/min f (:c y)=attay
uc.:dr? +12 <4
The objective function of the problem is a continuous function, the constraint defines a
feasible region (ellipse) which is a compact set as it is limited and closed and therefore the
maximum and minimum values certainly exist. Being a problem with an inequality constraint
we apply the Kuhn-Tucker conditions, find the solutions and then we study the objective
function on the frontier of £.
To apply the Kuhn-Tucker conditions we construct the Lagrangian function :
Az, y,\) = 2° +zy? — )\(4.902 + 97 — 4).
Applying the first order conditions we get:
I)case A =0 :
N =2x+ 9y =0 x
A, =2zy=0 =1y
4o +9? < 4 0
We can for now only say that (0, 0) it is not a Maximum point.
Since f(0,0) = 0 let's study the sign of the function in a neighborhood of (0, 0).
Since f(z,y) =z (z + yz) we get:

g-H( ) = ~ H(0,0)= |2 Y
. Y 2y2 0 0

x>0 <0 o .
f(z,y) >0 for {x Sy (1) or for {x < (2) while instead it is:
x>0 . . <0
f(x,y) <0 for {sc < (impossible) or for {x S (3).

Graphically we have:



~._ 3
W
(2) + +
(2) + +
//_ (1)

So, as we see from the figure, in every neighborhood of (0,0) there are points where

f(z,y) > 0 and points where f(x,y) < 0. The point (0, 0) is therefore a saddle point.
2)case A #0 :

N, =2x+ > -8z =0 22 (1 —4X) =0 =1 r=—1
A, =2ry -2 y=2y(r—A) =0 = yzz() = yzol = y:01 :
24 .2 _ - _ 1 2
4o +y- =4 z-=1 )\—4 )\—4
since in both cases it turns out A = — > 0 these could be Maximum points; or:
22+ y* —8\x =0 2z + 37 — 822 =0 T =\
2y(x—A) =0 =cqr=A = { Y =8x2 -2z =
42 +y* =4 4o +y* =4 4a? + 8% — 2z =4
=\ =
= yr=8z*-2z =<y =8z*-2
1222 =22 —4 =10 62> —x—2=0
. 1£4/1+48  1x7 ¢ 2 1 d
rom xr = = eget x = - or x = — — and so:
! 12 g VCESTT R ONTT Ty
( 2 _2 _2
2_gd_o2 2 20 V20 V20
<y—289 23=> y_29=> y:TU = - =
=2 =2 _2 _ 2
\A_3 A=3 ) A= 3 — 3
since in both cases it turns out A\ = 3 > 0 these could be Maximum points; or:
( 1
<y2:8z—2(—§):> y2—31:> Y 31U :—\1/§
1 = — = _ = _ =
A= -3 A 5 A= —3 A= —35
1
and since in both cases it turns out A = — 2 < 0 these could be Minimum points.



Now we study the objective function on the constraint 4z + y* = 4 using the transformation
T = cost
y = 2sent
= f'(t) = 2cost (—sent) + ( —sent) (4sen*t) + cost - 8sentcost =

= f'(t) = — 2sentcost —4sen’t + 8sentcos’t =

= f'(t) = 2sent ( —cost — 2sen’t + 4 cos’t) =

= f'(t) =2sent ( —cost —2 (1 —cos’t) +4cos’t) = 2sent (6 cos’t —cost —2).

in polar coordinates: .Soitis: f(t) = cos®t +cost-4sen’t =

sent > 0 sent <0
So f/(t) >0 fi - - .
o f(1)=0 Or{6c0s2t—cost—2200r{6cos2t—cost—2§0
Itis sent > 0 for 0 < ¢ <7 and sent <0 for # <t < 27.

1£+4/1 448 2 1
We get 6 cos’t — cost —2 =0 for cost = T+ = cost = 3 and cost = — 3
1 2
So 6 cos’t —cost —2 >0 for cost < — 3 and for cost > 3"
cost = —%
ENEL D e cost:%
2 &
051\
cost2§
cost < —% g
7 1.
cost = —% =
and therefore we get:
0 ) G2 ™ Q3 vy 2
sent a
cost R ... ati

The function f(¢) on the boundary of &:

is increasing for 0 < ¢ < o ; is decreasing for a; <t < «y; is increasing for oy <t < 7;
is decreasing for m < t < ag; is increasing for ag < t < ay ; is decreasing for ay <t < 27.
And therefore, relatively to the points of the boundary of &:



(;; —”320> is a Maximum point, <— %; \/§> is a Minimum point, ( — 1;0) is a Maximum

point, (— %; - \/§> is a Minimum point, (;, — @) is a Maximum point, (1;0) is a Mi-
nimum point.

All the conclusions obtained by studying the boundary coincide with those hypothesized by
the sign of the multiplier, except for the point (1,0) that for the analysis on the boundary it
seems a minimum point while for the sign of the multiplier it seems to be a maximum point
and therefore it is nothing.

Since f(—1,0) =1 and f@i@):f@:@>2¥ the points (;@) and
(2. V20

3 T) are absolute maximum points, the point ( — 1,0) is a relative maximum point.

The absolute minimum value is obtained with f ( - % : \/§> =f ( - % - \/§> = — g .

In conclusion:

min Q2 '7/; \
a]. Max
TT
Max / \
x4y Max
min aa\ /
\

IT M 2) Given the function f(x,y) = xy, let v and w be the unit vectors of V = (1,1) and
W = (1, — 1) ; determine the point (x, yo) if D, f(zo,y0) = V2 and Dy f(zo,y0) = 0.
The function f(x,y) = xy it is clearly differentiable V (z,y) € R?.

So Dy f(xo,yo) = V f(z0,90) - v and Dy f(xo,yo) = V f (20, y0) - w.

Therefore: V f(x,y) = (y;2) = Vf(x0,v0) = (Yo, To) ; moreover:

and w =

L'—L and so we get:
V2i2) =



4 1_L B
D, f(zo,%0) = /2 (yo’xO).<\ﬁ’ﬁ)_\/§ Yo+ xo =2 xo =1
Dy f(x0,90) =0 - (yoxo)'(\%'—%)—o: yo—z0=0 " \mw=1"

\ 9 27 2 -

I1 M 3) In a stationary point of a function of two variables f(x,y) the Hessian matrix is
‘ ko1

equal to H = 1 k—9

. Determine, on varying the parameter k, the nature of such statio-

nary point.

The first order leading minors are:

|H;| =%k >0 for £ >0 and

|H;| =k—2>0 for k > 2;

The second order leading minor is:

|Hy| = k(k —2) —1=k* -2k — 1.

From k> — 2k — 1 =0 weget k = 1/1+ 1 = 14/2.

So |Hy| =k2—2k—1>0fork<1—+/2and k>1++/2.
By graphically representing the situation we have:

1—4/2 0 2 Lfy/2

|H;| =k>0 === — . —
M| =% 230 — — — — b= — — — ey g
|H2|>O — o e = = — — —————
and so:
H,|=k <0
fork<1-—+/2: |H;| = k — 2 < 0 : the stationary point is a maximum point;
‘Hg‘ >0
‘H1‘2k>0
~for k>1+/2: |H;| = k£ — 2 > 0 : the stationary point is a minimum point;
|H2| >0

-for 1 — \/5 <k<1l+ \/5 : |Hs| < O : the stationary point is a saddle point.

For k=1 — \/5; k=1+ \/5 it is not possible to establish the nature of the stationary po-
int; for £ = 0; £ =2 |Hy| < 0 : the stationary point is a saddle point.

f(x,y, z) =sin(zy) + cos (zz) =
g(x,y,2) =23y —x2 + 2 =1
Py =(0,1,1), verify that with it we can define an implicit function z — (x,y) and then cal-
culate its first derivatives at z = 1.

IT M 4) Given the system { satisfied at the point

The functions f (-, , z) and g(x,y, 2) are differentiable functions V (x,y, z) € R?.
It is then:

o(f,g9) _ ||lycos (zy) — zsin(xz) xcos(xy)  — xsin(rz) and so:
o(z,y,z) 3x%y? — 23 203y + 3297 —3x22 4+ '
0(f,9)

|l 100
Aw,y,2) | -1 3 1



Since _11 g‘ = 3 # 0 we can define an implicit function z — (z,y) whose derivatives
are:
0 0 1 0
dz ‘1 3‘ 0 0: dy ‘ —1 1‘ 1
d2— |1 o] 3 Tdx |1 o] 3
) 4



