QUANTITATIVE METHODS for ECONOMIC APPLICATIONS
MATHEMATICS for ECONOMIC APPLICATIONS
TASK 17/9/2020

I M 1) Calculate the cubic roots of the number z = - - .
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I M 2) Given the matrix A= ||0 2 0]|, determine the values of the parameter k for
E 0 k

which the matrix admits a multiple eigenvalue.

The matrix is a symmetric one, therefore certainly it has only real eigenvalues.
From |A — AI| =0 we get:
k— A\ 0 k
0 2=-X 0 |[=@2=-N(E-N"=k)=2-N\—-2k\) =
k 0 k— A\
= A (2—=X)(A—2k) =0 and so we get the eigenvalues \; = 0, \y = 2 and \3 = 2k.
So the matrix admits a multiple eigenvalue when 2k =0 =%k =0= A = Ay =0 or when
2k22:>k:1=>)\2:)\3:1.
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I M 3) Given the linear system ¢ 2x; — 29 + kx3 = 2, check existence and number of its
I —2$2+6$3:]€

solutions on varying the parameter k.

By Rouche-Capelli Theorem, from A - X =Y we need to calculate the Rank of the matrix A
and the Rank of the augmented matrix (A|Y).
By elementary operations on the rows (Ry < Ry — 2R;) and (R3 <« R3 — Ry) we get :
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1 0 -2 ] 1 1 0 -2 |
2 -1 &k | 2||—=|l0 =1 k+4 | o0
1 -2 6 | k 0 -2 8 | k-1

By elementary operations on the rows (R3 < R3 — 2Ry) we get :



1 0 -2 | 1 1 0 -2 | 1

0 —1 k+4 | 0 =10 —-1 k+4 | 0

0 -2 8 | k-1 0 O -2k | k-1
And so:

if —2k=0=k=0= Rank(A) =2 < Rank(A|Y) =3
and so the system has no solutions;

if —2k# 0=k # 0= Rank(A) =3 = Rank(A|Y)

and so the system has one and only one solution.
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tive to the eigenvalue A = 0 and that (1, 1) is an eigenvector relative to A = 2.

I M 4) Determine the matrix A = knowing that (1, — 1) is an eigenvector rela-

Since (1, — 1) is an eigenvector relative to the eigenvalue A = 0 weget:
a a 1 0 aj; —app =0 a2 =a
11 G2 —0. _ — ) au 12 ) a2 1
as a9 -1 0 ag —azg =0 ag = A
Since (1, 1) is an eigenvector relative to the eigenvalue A = 2 weget:
a a 1 1 2 a app =2 ap=2—-a
11 a2 _9. _ ) 01t an - ) a2 11
ag A 1 2 asy + agy =2 az =2 — ag
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Max/min f(z,y) = 2> + > —y
y<1-2zx

uc.:s x>0
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II M 1) Solve the problem :

The objective function of the problem is a continuous function, the constraints are linear func-
tions and they define a feasible region which is a compact and bounded set as it is a triangle,
and so we can apply Weierstrass Theorem. To solve the problem we don't use the Kuhn-
Tucker Theorem.

We determine the stationary points of the function.

Applying the first order conditions we have:
B fi=2x=0 r=0 . 12 0 1
Vf(x,y)—@é{féZQy_lzoé y_l.Smce H(x,y) = 0 2 =H 0,5 ,

immediatly we see that (0, %) 1S @ minimum poir12t.

For =0 we get f(0,9) =v*—y= f(0,y9) =2y —1>0 for y> % and so the result
that we have already found: (O, %) is a minimum point.

For y =0 we get f(z,0)=2?= f'(2,0)=22>0 for >0 and so the function is
always increasing from z =0 to = = % .
For y=1-2z we get f(z,1—2zx)=>52"—2r= f'(x,1—2x)=10x—-2>0 for
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x > — and so the function is decreasing from x =0 to x = R and then is increasing from
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r=—-tor=_-,s0x= £ 1sa minimum point and so (%, ) 1S a minimum point.
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By representing with a figure the results found we have:
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II M 2) Given the function f(x,y) = 2° — zy*, and the unit vector v = (cos @, sin ), cal-
culate D, f(1,1) and Divf(l, 1) . And then calculate Divf(l, 1) when a = Z :

The function f(x,y) = 2> — 23* it is clearly differentiable of every order V (z,y) € R?.

So D,f(1,1) =V f(1,1)-v and D.,f(1,1) = v-Hf(1,1)-v".
From Vf(z,y) = (2z — y*, — 2zy) we get Vf(1,1) = (1, —2) and so:
D,f(1,1) = (1, —2) - (cosa, sina) = cos a — 2sin . Then we get :

2 2 2 -2 _
H(z,y) = H %y — 2 = H(1,1) = ‘ 9 _9 and so:
) 2 -2 CoSs &
2 p— . .
Dwf(l, 1) =|cosa sinal| H e 2’ <in o

Dzwf(l, 1) = 2cos? o — 2sin® o — 4 cos asina = 2 cos 2 — 2sin 20 .



Finally, for o = % we get: Davf(l, 1) = 2cosg - QSing = —2.

II M 3) Given the function f(z,y) = 2> + 2°y + 1> determine existence and nature of its
stationary points.

Applying the first order conditions we have:

B fi=2x+2zy=2x(l+y)=0 rx=0 2 =2
Vf(x,y)—@:{f;:ijLzy:O = y:OU Y= — and so the
solutions x:O) x:\/iand x:—\/§.

y=0 = —1 y= —1
Since ]I-]I(:z:,y):H2—2'—x2y 2290‘ we get:

112 0 |H;|=2>0 : - _

- H(0,0) = H 0 2 H = { Hy| = 4 > 0 and so (0, 0) is a minimum point;
—H(\/i,—l)z 0 \/5 = |Hy| = —2 <0 so (ﬁ,—l) is a saddle point;
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'H(—\@,—l):H 0\/5 _2\/5 :>|]I-]I2|:—2<Oso(—\/§,—1)isasaddle

point.

II M 4) Given the equation f(z,y) = ze*™Y —ye® ¥ =0, verify ifat Py = (0,0) it is pos-
sible to define an implicit function having y as dependent variable of x and then calculate the
partial derivative of the first order of y(x) at x = 0.

The functions f (x, ) is a differentiable function V (z,y) € R?, £(0,0)=0—-0=0.

Itis then: Vf(z,y) = (e +ze™ —ye' Yixe™Y — ™Y + ye®Y) from which:
Vi@y)=((1+az)e™ —ye" Yize™ — (1 —y)e" V).

So Vf(0,0) =(1-0;0—-1) = (1, —1). Since f,(0,0) = — 1% 0 we can define an im-
plicit function x — y(z) whose first order derivative is:

dy g L0.0 _1

dz £1(0,0) —1




