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The objective function of the problem is a continuous function, the constraints define a feasi-
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To solve the problem we use the Kuhn-Tucker conditions.

We write the problem as .
Max/min 

u.c.: 




   


0 Bß C œ B C  "

B  C  " Ÿ !
"  B  C Ÿ !

#

We form the Lagrangian function:
A - - - -    Bß Cß ß œ" # " #B C  "  B  C  "  "  B  C  # .

By applying the first order conditions we have:

1) case - -" #œ !ß œ ! À       
 

A
A

w
B
w
C

œ C  " œ !
œ B œ !

Ê Ê

B œ !
C œ  "

B  C  " Ÿ !
"  B  C Ÿ !

!  "  " Ÿ !
Ÿ ! À

#

"

!ß  " Â Þ

 !  " NO

X

2) case - -" #Á !ß œ ! À       
A -
A -

-

- - - -

- - -

w
B "
w
C "

"

" " "
#
"

#
" " "

œ C  "  œ !
œ B  # C œ !

Ê Ê

C œ  "

B œ #  " œ #  #

#  # œ  "B œ "  C
"  B  C Ÿ !

" 
"  B  C Ÿ !

# #

   

Ê Ê

C œ  "

B œ #  " œ #  #

$  % œ  %

B œ !
C œ  "

B œ

C œ

            




-

- - - -

- - - - - -

"

" " "
#
"

#
" " " " " "

  $ œ !
"  B  C Ÿ !

œ !
Ÿ !à

œ  !

"   Ÿ !
"

∪ à

 !  " NO

)
*
"
$
%
$

) "
* $

Since  the point  could be a Maximum point.-" œ  ! ß
% ) "

$ * $
 

3) case - -" #œ !ß ! ÀÁ



              
A -
A -

-
-

- - -

w
B #
w
C #

#

#

# # #

œ C  "  œ !
œ B  œ !

C œ "  B
Ê Ê

B œ 
C œ  " 



B œ "
C œ !

B  C  " Ÿ !

œ "

B  C  " Ÿ !
œ  "  !

"  !  " Ÿ !# #

 " 
Þ

Since  the point  could be a minimum point.-# œ  "  ! "ß ! 
4) caso - -" #Á Á!ß ! À              
A - -
A - -

- - - -
- - -

w
B " #
w
C " #

" # " #

# " #

œ C  "   œ !
œ B  # C  œ !

"  B

B œ " 

Ê ∪ Ê

B œ " B œ !
C œ ! C œ "
"   œ ! #   œ !
"  œ !  œ !

C œ

C#  #

Ê ∪

B œ " B œ !
C œ ! C œ "

œ ! œ  #  !
œ  "  ! œ  %  !

       - -
- -
" "

# #

.

Since the  values are not positive, points  and  could be minimum points.-    "ß ! !ß "

Let's study the objective function on the constraint .B œ "  C#

It is .0 "  C ß œ "  C C  " œ C  "  C  C Ê 0 C œ "  $C  #C   !      # # $ # w #C  

So . Therefore:$C  #C  " Ÿ ! Ê C œ œ
 "„ "  $  "„#

$ $
#


 

0 C   !  " Ÿ C Ÿ Ê ! Ÿ C Ÿ C œ Ê B œ
" " " )

$ $ $ *
w   for . If .

At the point  there is the Maximum with .   ) " ) " $#

* $ * $ #(
ß ß œ0

Let's study the objective function on the constraint .C œ "  B
It is .0 Bß œ B  " œ #B  B Ê 0 B œ #  #B   ! ! Ÿ B Ÿ "     "  B "  B # w   for 
If . TheB œ ! Ê C œ " œ point  is the minimum point with .   !ß " 0 !ß " 0
If . TheB œ " Ê C œ !  point  it is neither a minimum nor a maximum point. "ß !



II M 3) Given the equation , satisfied at , veri-0 Bß Cß D œ #BC  /  / œ ! "ß "ß "   DB DC

fy that an implicit function  can be defined with it and then calcolate the first   Bß C Ä D Bß C
order derivatives of such function.

The function  is differentiable , and .0 Bß Cß D a Bß Cß D − 0 "ß "ß " œ #  "  " œ !     ‘$

It is: f0 œ #C  Bß Cß D / à #B  / à  /  / Þ DB DC DB DC

So .f0 œ $à $ "ß "ß " à  # 
Since  it is possible to define an implicit function 0 "ß "ß " œ Á ! Bß C Ä D Bß Cw

D      #
whose first order derivatives will be equal to:
`D $ $ `D $ $

`B  # # `C  # #
        
"à " œ  œ  œ à "à " œ  œ  œ Þ

0 "ß "ß "

0 "ß "ß " 0 "ß "ß "

0 "ß "ß "w
B
w w
D D

w
C 

II M 4) Given the function , analyze the nature of its0 Bß Cß D œ B  C  D  B C  CD  # # # #

stationary points.

We determine the stationary points of the function. Applying the first order conditions we
have:

f0 Bß Cß D œ   Ê Ê

0 œ #B  #BC œ #B "  C œ !

0 œ #C  B  D œ !

0 œ #D  C œ !

B œ !
C œ !
D œ !

 
  

 w
B
w #
C
w
D

 and also:

      
  
  

 B œ #  œ

C œ "

D œ

Ê

B œ B œ 

C œ " C œ "

D œ D œ

# " $
# #

"
#

$ $
# #

" "
# #

 and Þ

We have then found three stationary points: ,  and      !ß !ß !  Þ $ " $ "
# # # #ß "ß ß "ß



We apply the second order conditions. From  we get:‡ Bß Cß D œ

      
      
#  #C  #B !
 #B #  "
!  " #

‡ !ß !ß ! œ à

      
      



 
      
   

# ! !
! #  "
!  " #

Ê

œ #  !

œ  !à œ  !
# ! #  "
! #  " #

œ # †  !
#  "
 " #

‡

‡ ‡

‡

"

# #

$

since  the point 




     ‡
‡
‡

"

#

$

 !
 !
 !

!ß !ß ! à is a minimum point

‡   
                    

        


 


$ "

# #
ß "ß Ê œ  !

!  # !

 # #  "

!  " #

!  #

 # #
œ à

$
#

$
#

#

$
#

$
#

‡

since  the point   ‡#  ! ß "ß à
$ "

# #   is a saddle point

‡  œ à  
                    

        


 


$ "

# #
ß "ß Ê œ  !

! # !

# #  "

!  " #

! #

# #

$
#

$
#

#

$
#

$
#

‡

since  the point   ‡#  ! ß "ß
$ "

# #   is a saddle point.


