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. (1—1i)* .
I M 1) Given the complex number z = (at ,)2 , calculate its square roots.
1
(1—i)? 1-2i+4 1-2—1 —2i

= — 1 = cosw+ i sinm. For the

(40?1424 142—-1 2
square roots we apply the classical formula:
— ™ LT
\[ = \/cosT+isinmT = 608(5 + knr) + Zsm(§ + k:7r) k =0, 1. Thetwo roots
are:

k=0— 2= cos(g) +isin(g)

3 3
k=1— zlzcos(§> —i—isin(;7r

I M 2) Given the matrix A =

i

= —q.

, calculate its eigenvalues and study if the

B~ O =
S = O

—_ O N N
| — |

matrix A is diagonalizable or not.
At the first step we calculate the characteristic polynomial of matrix A;

A-1 0 =2 Aol -3
Py(A)=[ANI-Al=| 0 A—1 0 :(/\—1)‘ .y )\_1‘:

—4 0 A—1

(A —1)((A —1)* = 8). Putting Py (\) = 0 wefind the three eigenvalues of matrix A; if
A — 1 =0, wehavethefirst eigenvalue \; = 1; if (A — 1)> — 8 = 0 it follow
A—1)=8andX—1= +2/2, thus \y3 = 1+ 21/2. The three eigenvalues are
one to one differents, thus matrix A is adiagonalizable one.
| M 3) Given the linear application F: R? — R?, we know that:
1. F(1,0,0) = (1,0); 2. F(1,1,0) = (1,1); 3.F(1,1,1) = (1,1).
Find the matrix associated with the linear application, calculate the dimentions of both,
kernel and immage of F', and find a basis for the kernel and a basis for the image.

DefinewithAF:{a b c

d e f} the matrix associated to the linear application, by

a b c

d e f

a a+b a+b+c| |1 1 1
d d+e d+e+f| |0 1 1

1 1 1
conditionsl.,2.and3.weknow{ } 01 1| =
0 0 1
},thUSazl,b:Qc:O,d:O,e:1and

f=0Ar = Ll) (1) 8] . Matrix A hasrank equal 2 and the dimention of theimage

is 2 while the dimention of the kernel is 1; for the basis of the image we can note that
the codomain of F' isthe set R? and the dimention of the imageis 2 thus I'ma(F') = R?



and abase for itisthe set By,,,qr) = {(1,0), (0,1)}. For abasis of the kernel we take a

X
generic element of the domain (x, y, z), itsimage is [(1) (1) 8] . (y) = <§>,thus
z

(z,y, z) belongs on the kernel if and only if x = y = 0 and we conclude that a generic

element of thekernel is (0,0, z) = 2(0,0,1). A basisfor the kernel isthe set

BK@T(F) = {<0707 1)}

| M 4) Vector V' has coordinates (1, 1, 1) respect the basis B = {(0,0, 1), (0,1,1),(1,1,1)}, and
coordinates (— 1, — 1, — 1) respect thebasis B’ = {(1,0,0), (1,1,0), (x,y, z) }. Determine the
vector (z, vy, z).

If vector V' has coordinates (1, 1, 1) respect the basis B and coordinates

(=1, -1, — 1) respectthebasisB’,V =1-(0,0,1) +1-(0,1,1) +1-(1,1,1) =

(1,2,3) and at thesametimeV = —1-(1,0,0) —1-(1,1,0) — 1 - (x,y,2) =
(-2—2,—1—y, —2).Put(1,2,3)=(—-2—2x, —1—y, — 2) it easily follows
r=y=z= —3.

1 M 1) Given the system of equations {

6.7:+y _ ey+z —

satisfied at the point
r—z+zxyz =0
P(1,0,1); verify that with it an implicit function z — (x(z),y(z)) can be defined and
then calculate, for thisimplicit function, the derivatives /(1) and y/(1).

Consider the function F: R? — R? with F'(z,y, z) = (e*" — e¥"*, 2 — 2 + 2yz) and

ety ety _ pytz — etz . .
. Matrix J at point

the jacobian matrix J = [1+yz - 14y

P(1,0,1)is ﬁ (1) :i] and the minor of its restriction respect variables z and y is
\J(P)\M | = i (1)‘ = e # 0, the proposed system of equations define an implicit
function z — (z(z), y(z)) on aneighborhood of the point P. For the derivatives we
—e 0 e —e
-1 1 1 -1
have 2'(1) = ———=1and y(1) = ——— =0.
e O e O
1 1‘ 1 1‘

Max/min f(xz,y) =z -y

uc. 22 +y> <4

The function f isapolynomial, continuos function, the admissible region isadisk with
center (0, 0) and radius 2, abounded and closed set, therefore f presents absol ute
maximum and minimum in the admissible region. The Lagrangian function is
L(z,y,\) =z y— \z?+y? —4) with

VL= (y—2\z,z —2)\y, — (22 + 3> —4)).

1° CASFE (free optimization):

1 M 2) Solve the problem {

A=0 A=0
P — 0 = x:O’Hf_ [1 0} with determinant [H f| = —1 <0, (0,0)
2 +y? <4 0<4

isasaddle point.

11° CASE (constrained optimization):



A#0 A£0 A£0

y—2 =0 y—2)\x y = 2\x L
x2+y2:4 qj+y _4 x2+y2:4

1?2 + y? # 4; otherwiseif 1 —4)\? = 0, \ = +1/2,y = =+ x and by the condition
22 4+ 92 = 4weget z = + /2; four constrained critical points Py (\/5, \/5)

Pg(— V2, - \/5),133(\/, - \/5),134(— V2, ﬁ).Twoofthese

(i V2, + \/5) have \ > 0, candidate for maximum, the others ( +4/2, F \/5)

have A < 0, candidate for mimimum, aso, by the ssmmetry of function

fley)=f(—=, —y)and f(—x,y) = f(z, —y) = — fz,y), wegetthe

maximum f( + \/5, + \/5) = 2 and the minimum — 2 on points ( + \/5, F \/5)

Il M 3) Given thefunction f(z,y) = 2 + y* — 3z — 27y, find the point of minimum and the

point of maximum for function f.
Vf = (32> —3,3y> — 27).
FOC: { gzz B ;’7::00 = { Zi : ; = { ; : i?l) ; four critical points Py (1, 3),
Py(—1, —3),P3(1, —3), Py(—1,3).
6x O
Hf = { 0 Gy]; [Hf| = 36zy.
SOC: |Hf(1,3)] =108 > 0, f (1,3) = 6 > 0. (1, 3) point of minimum.
|[Hf(—-1, = 3)|=108 >0, f/.(—1, —3)= —6<0.(—1, — 3) point of
maximum.
|Hf(+1, F3)]= — 108 < 0. (£ 1, F 3) saddle points.
Il M 4) Function f(z,y) = 2° — y® hasdirectiona derivatives D, f(zp,ypr) = 21/2
V2 V2
(%)

and D, f(zp,yp) = 0, where v isthe unit vector and w isthe unit

V2 V2

vector (— _— —> . Find the point (z p, yp) and calculate the directional derivative

D) f(xp, yp).
Function f isdifferentiable for any point( y) with gradient V f (z, y) = (2z, — 2y),

D, f(xp,yp) = 2vp, —2yp) - ( ) V2ep =\ 2yp = (xp — yp)V2

and

g

Dwf($P,yP) = (prv - 2yP> ’

P > —\V2ap —2yp = — xp+yp)\/§

Putting(a:p—yp)\/i_%/and— (zp + yp)\/2 = 0 it easily follows zp = 1 and
Yyp = — 1.



Remember that D2 ) f(xp,yp) = <—

Hirm) = |5 Cy]weae
DL f(a ) = (??) - [S

(f\/)( V2, - V2 =
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