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the matrix is diagonalizable.
We start with the calculation of characteristic polynomial of matrix A;

1) Given the matrix: A =

0
(1) ; calculate its eigenvalues and study if

S O NN
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A—2 =2 0 0
2 A—2 0 0
Py(A) = |AI - Al = 0 A—1 —11|—

0

0 0 1 A—1

‘AQQ A—_QQ‘ . ‘AIl )\_—11‘ = (A —2)> +4)((A— 1)2+ 1). Putting
(A—2)"+4=0weget A\ — 2 = + 2i and thefirst two eigenvalues of matrix A are
A2 = 24 24, whileputting (A — 1)* 4+ 1 = 0 weget A — 1 = = and the second two
eigenvalues of matrix A are A3 4 = 1 & 4. Matrix A has four eigenvalues with any of one
different from the others, thus matrix A is adiagonalizable one.

2) Calculate the two sguare roots /13 — 715,

Vs —its = \fiB1 — ) =i 122 = \/2i = \/2(6087—; +isin7—2r) . Appling De

' 242k 242k
Moivre Formulawe get: z, = \/5(008<%> +Zsm(%)) -

\@(cos(g + kw) +isin(% + lmr)) k =0, 1. Thetwo roots are:

k=0— 20:\/5(00.9%-1-2'31'71%) =1+7;

k=1— = ﬁ(cos%w%—isin%w) =—(14+1i)=—2.

3) Given alinear map F: R* — R?, with

F(xy,x9,23,24) = (kx1 + 23 — T4, — 209 + T3 — Ty, 201 + 2kxy — 3 + 24); Where k
isarea parameter. Study, varying k, if the linear map is surjective and in the case k& = 2,
find abasis for the image and a basis for the kernel of F'.

k0 1 —1
The matrix associated withthelinear map FisAp = [0 —2 1 —1];we
2 2 -1 1 }
k 0 1 —1
reduce the matrix by elementary operations on itslines: [O -2 1 — 1] C1 S Cy
2 2k —1 1



10 k-1 1 0 0 0

1o—2 0 -GG kAT~ —k 0l a-beo
| -1 26 2 1 TR L1 2k 24k 0
[ 0 0 0 10 0 0

1 -2 0 o= 1 -2 0 0|.Aswecan
|1 2k 2+4k—K> 0O -1 2k (1+k)2-Fk) O

3 ifk#A —1ANk#2
2 otherwise
thus the linear map issurjectiveif andonly if £ # — 1 Ak # 2. Inthecase k = 2,
Dim(Ima(F)) = 2 and Dim(Ker(F)) = Dim(R*) — 2 = 2; for abasis of the kernel
observe that a generic e ement in the kernel must satisfied the system

observe by the last matrix, Rank(Ap) = Dim(Ima(F)) = {

201 +x3—24 =0 Ty = 21 + x3

— 2zt w3 —x4=0 = —2x+x3— 2x1+23)=0 =

201 +4x9 — 23+ 24 =0 201 +4x9 — 3+ 221+ 23 =0
{m =2ty {x“ :2:61+x3;agenericelementinthekernel is

1 +x2=0 Ty = — T

(z1, — x1, 23,221 + x3) = x1(1, — 1,0,2) + 23(0,0, 1, 1), abasis for the kernel is the
set Bgerr) = {(1, —1,0,2),(0,0, 1, 1)}. Consider now ageneric element in theimage
201+ x3 — x4 = 1
(y1,v2,y3), itsmust satisfied the system ¢ — 225 + 23 — x4 = yo  ; itisnot difficult
2x1 +4wo — 13+ T4 = Y3
observethat y; — 2ys = 2x1 + 3 — x4 — 2( — 29 + T3 — T4) =
2x1 + 4x9 — x5 + x4 = Y3, €asily we conclude that a generic element in theimageis
(y1,y2,y3) = (Y1, y2,y1 — 2y2) = y1(1,0,1) + y2(0, 1, — 2); abasisfor theimageisthe
set BIm(L(F) = {(17 0, 1)7 (07 1L, — 2)}
4) Given two vectors a and b belong on R™ and consider the map F': R"™ — R with
Ve e R", F(z) = <a,z> — <b,z>.Wherewith <y, z > weindicate the
scalar product between the vectors y and z. Prove that F isalinear map.
By the properties of the scalar product, V(z,y) € R" x R" and V(«a, ) € R x R,
Flax+ fy) = <a,ax+ fy > — <b,azx+ [y >
= <a,ax> + <a,fy> —(<bar> + <b,fy>)
=a<a,z>+0<a,y> —(a<bx> +F<by>)
=a(<a,z> — <b,x>)+pf(<a,y> — <b,y>)
= aF(z) + 0F(y). F isalinear map.



