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1) Given the matrix:  

   
    
   
    

    
; calculate its eigenvalues and study if

the matrix is diagonalizable.
We start with the calculation of ;characteristic polynomial of matrix 

    

     
    
     
    

   
        

  







          
 

 
       
     

           . Putting

               we get  and the first two eigenvalues of matrix  are
  

              , while putting  we get  and the second two 
eigenvalues of matrix  are . Matrix  has four eigenvalues with any of one      
different from the others, thus matrix  is a diagonalizable one.
2) Calculate the two square roots .   

                            
 

    
 

. Appling De

Moivre Formula we get:        
     

 

        

                 
 

 
   . The two roots are:

              
 


   

;

                 
 

 

      .

3) Given a linear map , with    

                                              ; where
is a real parameter. Study, varying , if the linear map is surjective and in the case ,   
find a basis for the image and a basis for the kernel of  .

The matrix associated with the ; welinear map  is  
    
     
    

 
 

reduce the matrix by elementary operations on its lines:
 
 
    
     
    

  



   
   
        
           
           

      
   

       

  
  




   
     
   
    

        

   
    
         

 . As we can

observe by the last matrix, ,
if
otherwise

   
        


       

thus the linear map is surjective if and only if . In the case ,          
                     and ; for a basis of the kernel

observe that a generic element in the kernel must satisfied the system 
  
           
                 
                   

     

      

        

  
          
        
     

   
 ; a generic element in the kernel is

                                  , a basis for the kernel is the
set . Consider now a generic element in the image                  
     

      
       
        

  

   

   

    

, its must satisfied the system


 ; it is not difficult

observe that                          
            , easily we conclude that a generic element in the image is                                       ; a basis for the image is the
set .                
4) Given two vectors  and  belong on  and consider the map  with       
                   . Where with  we indicate the
scalar product between the vectors  and . Prove that  is a linear map.  
By the properties of the scalar product,  and                   

                    
                     
                     
                      
          .  is a linear map.


