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| M 1) Calculate the following cubic roots +/19.
it0 = (i2)5 =(—1)"= —1=cosm+isin. Itfollows /il = /cosm +isinm
and appling De Moivre's formula:

7T+2k:7r) o <7r+2k7r
3 + 18N

\‘Vcosw+z’sz'n7r: cos( ) withk = 0,1, 2. Thethree

roost are:

T LT
k=0— zozcos(g) -|-zsm(§) =
k=1— z =cos(m)+isin(r) = —

Lo 5 (5 1 L
= —>22_cos(§7r>+zsm(§7r>—5—72_ 0 -
1 1
1 0

a
I M 2) Giventhematrix A = | 1
0 0 1
associated to the eigenvalue \ = 1; find the value of the parameters a and b and
calculate the value of the other eigenvalues of the matrix A.
If (1,0,1) isan eigenvector associated to the eigenvalue A = 1,

a—1 1 1 1 a 0
(AH)~(1,0,1)[ 1 0 b](o)(1+b)(0),easilyweget
0 0 0 1 0 0

} and knowing that (1,0, 1) is an eigenvector

0 1 1
a=0andb= —1,withA= |1 1 —1].Forcaculating the other eigenvalues of
0 0 1
the matrix A we start with the calculus of the characteristic polynomia of the matrix;
A —1 —1 A _q
Py(AM)=[N-Al=| -1 Xx—-1 1 :(/\—1)‘_1 )\_1‘:

0 0 A—1
A=1)AA=1)=1)=(A=1)(A2 = X —1). Putting P, (\) = 0 we find the three
eigenvalues of matrix A: for A — 1 = 0wehave \; = 1 andfor A2 — A — 1 = 0 we get

1+ 21+4:1i2\/5m2:1_2\/5 and)\3:1+2\/5.

Aoz =

1+ xo+x3+24=0
I M 3) Given the linear homogeneous system ¢ mx; + a2 + x5+ x4 =0 , find,
1+ mxy +mxz +mxy =0
on varying the parameter m, the dimension of the linear space of its solutions.
To solve the exercise we reduce by elementary operations on the lines of the matrix
associated at the linear homogeneous system:



1 1 1 1 1 1 1 1
m 1 1 1 ] e [0 l-m 1-m 1—m|Rw R+R
1 m m m 0 m—1 m—-—1 m-—1
[ 1 1 1 1

0 1-m 1—m 1—m/|.Fromthelast matrix we observethat if m # 1 the
0 0 0 0
rank of the matrix is 2, otherwiseis 1 and therefor if we indicate with S,,, the linear
space, depending from m, of the solutions of the linear homogeneous system we have

. 2 m#1
dim(S,,) = {3 e 1
| M 4) Given alinear map F: R? — R?, we know that vectorsv; = (1, 1,0) and
vy = (0,0, 1) belong to the Image of F' and vector v3 = (1,0, 0) belongs to the Kernel
of F'. Caculate the dimension of the Image and the dimension of the Kernel, and for the
Image find a basis.
Vectors v; and v, are two linear indipendent vectors that belong to the Image of F' and
consequently 2 < dim(Imm/(F)) < dim(R3) = 3, thus2 < dim(Imm(F)) < 3;
vector vg isn't anull vector that belongs to the Kernel of F', consequently

1 < dim(Ker(F)) < dim(R3) = 3,thus 1 < dim(Ker(F)) < 3. By the Rank-Nullity
Theorem we know that for linear map F' is true that
dim(Imm/(F)) + dim(Ker(F)) = dim(R?) and easily follows dim (Imm(F)) = 2
and dim(Ker(F)) = 1.

Knowing that dim(Imm(F')) = 2 and from the linear indipendency of v; and v, we
can take, as abasis for the image, the set of the two vectors: By, () = {v1, 2}

Il M 1) Given theequation f(z,y) = e* ¥ — "% = ( satisfied at the point (0, 0),
verify that with it an implicit function y = y(z) can be defined and then calculate, for
thisimplicit function, the first and second derivatives.

£(0,0)=¢€"— e’ =1—1=0, condition is satisfied in point (0, 0).

Vf= (e”’”y2 2x — ™Y 7Y L 9y — e‘”y) , VF0,0)=(—-1, —1).
At point (0,0) f,(0,0) # 0, thus the proposed condition defines aimplicit function

y=le) with y(0) = - 0

o) = — 00 +2£,0.0) ¥O + 0,0 ¢0)° _
£;(0,0)
f2:(0,0) =2 £ (0,0) + £, (0,0) . The second order partial derivatives of function f

zy

- 24y? 2 2442 2,9
e fl, = - (20)? e 2 - e, 1, — 22y — e and

1= et (2y) + e” - 2 — eV, with cal culated on point (0,0) give us:
+(0,0) = f,,(0,0) = Tand f (0,0) = — 1. The second order derivativeis

y'(0)=1+2+1=4.

= — 1. Thesecond order derivativeis

Max/min f(z,y) = x+y
Il M 2) Solve the problem _ {.:c2 +42 <1

u.c.:

y<0

The function f isapolynomial, continuos function, the admissible region is an half disk
with center (0, 0) and radius 1, abounded and closed set, therefore f presents absolute
maximum and minimum in the admissible region, constraints are qualified at any point
of the border of the admissible region. The Lagrangian function is
L(z,y, A\ p) =z +y—Na? +y° = 1) — u(y) with



VL=(1-2X\z,1 -2y —p, — (22 + 9> = 1), — (y)).

1° CASFE (free optimization):

(A:M:O
1=0
{1=0 ; System impossible.
2?+y’ <1
¥y <0
11° CASE (constrained optimization - first constraint active):
( (
(A#£0,0=0 AZ0,u=0 A#0,u=0 A0, =0
<12_2/\éy:0:> y:% :}{y—% #{y:% =
Ty =1 2’y =1 wtoe =1 N =3
[y =0 y<0 Ly <0 y <0
(A #0,u=0
T = i%\/i
. 1 ~1 o L
Sy = i%\/i;pomt P1(§\/§’§\/§) isn't admissible because y £ 0 while point
A= £12
(¥ <0

1 1 . . . .
Pg(— 5\/5, — 5\/5) is admissible and a candidate to minimum because

1 . .
A= — 5\/5 IS negative.

111° CASE (constrained optimization - second constraint active):

(A=0,u#0

1=0

1 —p=0 ;systemimpossible.

> +9y? <1

(Y =0

II11° CASFE (constrained optimization - both constraints active):
(A#0,u#0 AAO A0 (AA0,u#0

1—2\z =0 T =55 A=+

L 1=-2Xy—pu=0=<¢1-pu=0 =< pu=1 ; point P3(1,0) isa
vyt =1 =1 r=+1

(y=10 y =10 y =0

candidate to maximum because the two lagrange multipliers are both positive while
point Py( — 1,0) hasthe two lagrange multipliers with opposite signs, no minimum no

. 1 1
maximum. We can concludethat minf = f(P,) = — 5\/5— 5\/52 — \/5 and

Mazf = f(P;) =1+0=1.

Il M 3) Given thefunction f(z,y, z) = 2° + 4xy* + 2yz, analyze the nature of its
stationary point.

V= (2z+4y* 8zy + 22,2y) .

FocC:
2 + 49> =0 20 =0 z=0
8ry+22=0 =14 22=0 = < z=0.A uniquecritical point O = (0,0,0).
2y =0 Y= y=20



SOcC:

2 8 0 2 0 0

Hiy= |8y 8z 2|, Hs(O0)= |0 0 2], becauseaprincipal minor of order two
0 2 O 0 2 0

0 2

‘2 O‘ — 4 < 0, point O isasaddle point.

Il M 4) Given thefunction f(z,y) = (z + y)e*™¥ and the unit vector

2

Function f is adifferentiable function in the set R?, the two directional derivatives can
be caculated as D, (0, 0) = Vf(0,0) vand D2, £(0,0) = v” - Hf(0,0) - v. For

function f istruethat f, = f, and f7, = fI = f,;

fr=e"+ (z+y)e = (1+$+y)6“y'ﬁi(0,0)=1,
ro=e"H (1+z+y)e™™ =2+z+y)e" and f7,(0,0) = 2; thetwo

(L) e s

v= (f \/) find the two directiona derivatives D, f(0, 0) and Dwf(o, 0).

directional derivativesare D, f(0,0) = (1,1) -

o= (1)1 4 (2)-(49)-(22) -

4.




