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| M 1) Find the solutions of the equation z® — 422 4+ 92 — 36 = 0, and calculate the
square roots of the unique solution having positive immaginary part.

23— 422492 -36=2%(2 —4)+9(z —4) = (2 — 4)(22 + 9). Put

(2 —4)(22+9) =0, if 2 — 4 = 0 we get thefirst solution 2; = 4, whileif

22 4+9=0<« 22 = — 9 weget the other two solutions

Z3 =ty —9= =& \/§ v/ — 1 = = 3i. The unique solution with positive

immaginary part is z, = 3i = 3(cosg +1 smg) and its square roots can be calculated

by De Moivre's Formula: /22 = \/3(cosg —i—ising) =

\/§(608<7r/2-|2—2k:7r> Hsm(ﬁ/zgzm)) )
\/g(cos(g + lm) +isin(£ n lmr)) k=0,1.

The two roots are:

6 6
k=0— 290 = \/g(cosg—i-ising) = %4—2’%;
5 5 6 6
k=1— 221:\/§<cos£+isin£> = ——\2/—1'—\2/: — 290 .

| M 2) Given the linear map F: R* — R?, with

F(z1,29,23,24) = (T1 — T2 + T3 — x4, mx1 — Mxy + x3 — 4). Find, varing the real
parameter m, the dimention of the image of the linear map F', and when this dimention
isminimum, find abasis for the kernel and abasis for theimage of F'.
-1 1 -1
-m 1 -1
of map F'isequa at therank of matrix Ay and to calculate it we reduce the matrix by
elementary operations on itslines:

1 -1 1 —1]CQHC]+02

The matrix A associated at thelinear map F'is [T}l } : the dimention

1 0 1 0} : 3[1 1 8 0}.Thelast

m —m 1 —1|CG-G+clm o 1 0|@°° 0
matrix has a submatrix of order 2 with determinant ‘ 7711 1 ‘ =1 —m, itisdifferent

fromOifandonlyif m # 1,if m =1 Ar has Ry = Ry, anditsrank is 1, we conclude
that dim(IMp) = Rank(Ap) = {? :]]: 2 i 1
m = 1. Inthis case ageneric element of theimageis

(r1 — 9 + 23 — x4, 01 — 29 + 23 — x4) = (y,y) = y(1, 1), abasisfor theimage isthe
set By, = {(1,1)}; for the basis of the kernel we note that a generic element of the
linear space ($1,$2,$3,$4> must satisfied T1—To+x3—x4=00r

x4 = T1 — T + x3; ageneric element of the kernel is

(21,22, 3, 1) = (21, T2, 3,21 — T2 + X3) =

, and the dimention issmallest if



x1(1,0,0,1) + 22(0,1,0, — 1) + z3(0, ,1 1). A basisfor the kernel isthe set
BKERF = {(1707071)5(051707 ) ( ; 7 71)}
—2

1 0
I M 3) Given the matrix A = [ 0 0 0 } . Calculateits eigenvalues and for the
-2 0 4

unique eigenvalue having algebraic multiplicity equal one, find abasis for its associated
el genspace.
Thefirst step is the calculus of the characteristic polynomial of the matrix:

A—1 0 2
PAN) =N—Al=| 0 A 0 :A‘Agl AZ‘:
2 0 Xx—4

AMA=1)A—4) —4) = AXA2 =51 +4—4) = A2\ —5). Put Py()\) = 0 wefind an
eigenvalue A = 0 with algebraic multiplicity equal two and the eigenvalue A = 5 with
algebraic multiplicity equal one. To find abasis for the eigenspace associated at the
eigenvalue A = 5, we consider a generic element of the eigenspace v = (vy, v9, v3) that

4 0 2 (%] 4’01 + 21)3

0 5 0f-fwv|= Y

2 0 1 V3 2v1 + v
4v1 + 2v3

and by condition 5y = O wehavev, = 0andv3 = — 2v;; ageneric
2v1 + v3
element of the elgenspace associated at the eigenvalue A = 5 is the vector
(v1,0, —2v1) = v1(1,0, — 2). A basis for the eigenspace is the set
Bers,, = {(1,0, —2)}.
| M 4) Study, varing the real parameter k, if the following linear system has solutions:
r+y+z=%k
kx+y+z=1.
r+y+kz=0
By Rouché-Capelli's Theorem the system has solution if and only if complete and
incompl ete matrices have the same rank, to calculate their ranks we reduce the matrices
by elementary operations on their lines:

must satisfied (5 — A)v = O. (51 — A)v =

111 | k 11 1|k
Bolor | Tt B0 1k 1—k | 1-k?
11 k | 0 0 0 k-1 1] -k

From the reduced matrices we note that if & ## 1 both matrices (complete and
incomplete) have rank equa 3, the system has only one solution; if m = 1 the reduced

111 | 1
matrices are [0 00 | O } , inthis case the rank of the complete matrix is 2,
000 | -1

while the incomplete hasits rank equal 1; system hasn't solutions.

- fle,y,2) =3ayz —a® —y* =2 =0 __. o :
[I' M 1) Given the system {g(x’ y,2) = 267V — V7 — e+ = satisfied at the point
P(1,1,1), verify that it is possible to define an implicit function = — (y(z), z(x)) and
then calculate the derivatives of such functionat x = 1.
{f(P):3—1—1—1:0

g(P)=2—1-1=0 , conditions are satisfied in point P.



3yz — 2x 3rz — 2y 3y — 2z
j(fag) = 2eTY + er 7 — 20T Y _ Y F  gYF _ eF T |7

J(f,9)(P)= [é _13 é];thedeterminant of the Jacobian restricted at the
dependent variablesis ‘j(f,g)(P)\yz = _13 (1)‘ = 3 # 0; the proposed conditions

define an implicit function  — (y(x), z(x)) .

‘1 1 ‘1 1‘
3 0 -3 -3 3 6
'MH=-"=——— =1, /)= - = — - = =2,
y (1) 1 1 3 Z(1) 1 1 3

-3 0 -3 0

Max/min f(x,y,z) = x + 3y + 62

uc. z° +y° + 22 = 46 '

The function f isapolynomial, continuos function, the admissible region isaball with
center (0, 0,0) and radius /46, abounded and closed set, therefore f presents absolute
maximum and minimum in the admissible region,. The Lagrangian functionis
L(z,y,2,\) =2+ 3y + 62 — Ma? + y? + 2% — 46) with

VL= (1-2)\z,3—2)\y,6 —2\z, — (2% + 9% + 2% — 46)).

1 M 2) Solve the problem {

1—-2\x =0 5’5223%
) 3-2\y=0 Y=

FOC A 6_onz=0 T )2=8 -

24 021 52 — 46 112 312 612

Tyt ()" + (55) "+ (zx) =46
x:%%\ x:%% ngg% r=*£1
Y 26)\ = y 26)\ = Y 26)\ = :Z_ +6 . Two
Z:ﬁ Z:ﬁ Zzﬁ - )
A+ B =46 36, — 46 =1 A=+3

constrained critical points Py o = (£ 1, £ 3, £6).
0 2x 2y 2z

SOC:H = 3”; _02)\ _02 A\ 8 ; the proposed problem has three variables
2z 0 0 — 2\
and one equality constraint, thus two border Hessian's principal minors are relevant, the
0 2z 2y
third and thefourth: Hz = |22 —2\ 0 |=
2u 0 —2\
— 2z ;5 _02)\ ‘ + 2y ;; _02/\ ‘ = 8\z? + 8Ay? = 8\(2? + y?);
0 2x 2y 2z
— 2r — 2\ 0 0
Ha= 2 0  —2x 0 |~
2z 0 0 — 2\
2x 0 0 20 — 2\ 0 20 — 2\ 0
— 2|2y —2\ 0 |+ 2y|2y 0 0 |—2z|2y 0 -2\ | =
2z 0 — 2\ 2z 0 —2A 2z 0 0
2x 0 20 — 2\ 2 —2A
4z 2 _2)\‘—4)\3; 2 0 ‘—4)\2‘22 0 ‘:




— 162222 — 160%y? — 167222 = — 1672 (2? + y* + 2%) < 0 in points P 5. For the
third principal minor Hz(P;) = 40 > 0, while H3(P) = — 40 < 0. P, ispoint of
maximum, P, is point of minimum; maz f = 46, minf = — 46.

1 M 3) Study the nature of the four critical points of the function

1 1
f(z,y) = 2? +t s+ +y—

2 2

{ji ii Four critical points: P, = (1,1), P, = (1, — 1), Py = (—1,1),

Pi=(-1,-1).

. 2+ 5 0 8 0] .,
SOC.Hf: 0 2+y% ,Hf(P1727374): [0 8:|,Hf:8>0, and
ch = ‘g g‘ = 64 > 0. All the critical points are points of minimum, min f = 4.

. . . 2 2
Il M 4) Given the function f(z,y) = 2* 4+ y*, the two unit vectors u = <§, %)

and v = (i — g) and the point P(1, 1); calculate the directional derivatives
D.f(P) and D, f(P) and find the unit vector w = ( |;Ul| 5 |g}2| 2) such
\/w1 + wj \/w1 + wj

that D wl(P) + D wf(P)=0.
Functlon fistwice dlfferentlableln all points of R?, by the differentiability of f, given
unit vectors z and y and point P, D, f(P) = Vf(P) - z and

Dy f(P) =2 - Hy(P) -y

Vi(z,y) = (22,2y),V ()=( 2);
Duf(P) = (2,2 (l i) =V2+V2=2V2,
Dy f(P) = (2,2) (@—i):ﬁ V2=0.

M, = [3 )| sy + Dby -

‘U}] | ‘U}] ‘
2 2 2 0 \/warw% + \/5 f \/w%w%u% _
27 2 0 2 _wa] 2 2 O 2 |w)|
\/ w% -Hu% Vi /u)%—s—wg

(Va.v3) ( R ) >+

\/w1 + w3 \/w1 + w3

(va, - ﬁ)< [wi] [ws) >:

\/w1 + w3 \/w1 + w3




(Jwi| = wa))v/2

2w | /2

2w | /2

(jwr| + [wa) V2

2 2
VWi + w;

w; =0and w =

2 2 - 2 2"
V wi + w; Vwi + w;

0 ||

VO +wi’ /07 +wj

Put

2 2
V wi + w;

= 0, we get

)= (o12) ~ .



