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I M 1) Find the roots of the equation  and then calculate the sum and the    

product of the two roots with positive real part.
From the equation , we get  and ; remember that              
                thus  and by De Moivre's formula
           

   

 
      

 .

The four are:

            
   

 


   
;

             
   

   


   
;

             
   

   


   
;

            
   

   


   
.

The two roots with positive real parts are  and , their sum is  

          
   

   
           while their product is

             
     

     
 

      
.

I M 2) Consider the matrix  

   
   
   
   

    
. Calculate its eigenvalues and study if

the matrix diagonalizable one. is a
The first step is the calculus of the characteristic polynomial of the matrix:

    







   
        

  







      
   
   
      

             
 

    
    
    

           
 

 
   . Put

       we find an eigenvalue  with algebraic multiplicity equal two and the
eigenvalues  and  with algebraic multiplicity equal one. The matrix  is     
diagonalizable if and only if the geometric multiplicity of the eigenvalue  is two.  
To find the geometric multiplicity of the eigenvalue  we calculate the rank of the  



matrix     

    
      
   
   
      

; note that two raws of the matrix are

null and the  by  submatrix  has determinant different from zero. We 
  
   

conclude that rank of matrix     is two and the geometric multiplicity of the
eigenvalue  is ; matrix  is diagonalizable.             
I M 3) Given a linear map , with    

                              ; we know that
              . Calculate the values of the parameters ,  and  and then find
a basis for the image of linear map  .
                                , put  easily follows
        ,  and , the linear map   is
                              . To find a basis for the image of
linear map   we have that a generic element of the image is                                             , a
basis for the image is the set .                        
I M 4) Given the matrix  


 








, find the values of parameter  knowing that

matrix   is an orthogonal matrix, and with the values of  found calculate the
determinant of matrix .
Matrix  is an orthogonal matrix if        .

    
   

        
  

  
  





  

  
 and matrix  is an

orthogonal matrix if and only if
 

 
       , with solution . The

determinant of the matrix is     
 
 
 

 

  
 





    





    
 

 
.

II M 1) Given the equation  satisfied at the point             

    , verify that with it an implicit function  can be defined and then     
calculate, for this implicit function its gradient vector .  
                          

 , ,  and
                 
  , with ,  and        

      
 

        . Since , the equation
                     defines a function  with

         
 

 
             
 

 
 
 
 

   
     

         .

II M 2) Solve the problem .
Max/min
u.c.:        

     

The function  is a polynomial, continuos function, the admissible region is an ellipse
with center , a bounded and closed set, see figure in the next page; therefore   
presents absolute maximum and minimum in the admissible region. The Lagrangian
function is



                   with
                       .
     (  ):              
   
    
  

    

 
   
  

      

 
   
  
     

  

 
; point  is a boundary

admissible point,  and the second principal minor of the hessian matrix is 
 
  

  
 

    ;  is a free saddle point.

     (  ):





 
       
     

    

   

 

, we can observe that if   then  and the last constraint

isn't true, so  and ; put the obtained  in the system we have:   



 

       

 

 

   

             
 

         

      
  

 
 

   

 . The equation  has

solutions   ; if   then  and , solution not              





accepted; if  then ,   and .  Point          
 

 
  

        
 

 
       is point of maximum ( ) while point  is point

of minimum ( ),  presents absolute maximum equal  in point  and     







absolute minimum equal  in point .  









II M 3) Given the vector value function ,                  ,
determine the equation of the tangent line to this curve at the point .  
The equation of tangent line in parametric form is               ;
                               , ,  and 

                         .

II M 4) Given the function  and the unit vector           
       , determine the values of  for which the directional derivative
  


     ( ) is equal to zero and then, for any found , calculate ( ) .

Function  is twice differentiable in all points of  and is an exchangeable variables 

function (  ), thus  and ;                           
   

                       
      with ( )  and
                       ( ) ( ) , put   
           

 

 
    

 
 or  we get .

                         
      with ( ) ,
                         
      with ( ) , and the second

order directional derivative ( )  is calculated by the product 


           
            

     
     

   
  
         




                   

                        .


