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Complex number 1 + ¢ has modulus equal \/5 and argument % while complex number
1 — 7 has modulus equal \/5 and argument — % , thus the two complex number can be
written in exponential form as \/2ei? and \/2ei; substitute in the square root we get
Ja+0 + 1 -t = (Vaer) + (Vae i)' = Vaer + dem =

V4(cosm +isinm + cos(— ) +isin(—m)) =

\/4(cos7r +isinm+cosm—isinm) = \/8 cosT = 4/ — 8; remember that
— 8 = 8(cosm + i sin ) thus by De Moivre's formula the two roots are

Y= \/gcos(ﬁ +22k7r> +isz’n(ﬂ +22kr7r> _
2\/7005( +k‘7r)+z’sz'n(g+k7r) k=0,1.

The roots are:

k=0— 20—2\/7(00'9%—1—28271 )—2\/7@
3
/{3—1—>21—2\/7(00827T+282n 7T>= —2\/7@

2
ALTERNATIVE SOLUTION: apply Pascal's Triangle Rule (1 + 4)* 4+ (1 —i)* =
(14 4i + 63> + 433 + i) + (1 — 4i + 6% — 4¢® +it) = 2 + 1242 + 2i* =

2 — 124 2 = — 8; the rest of the exercise follows as above.
1 1 1

IM 2) Given the matrix A = |0 2 0 |. Determine its eigenvalues and the
1 1 1

corresponding eigenvectors.
The first step is the calculus of the characteristic polynomial of the matrix:

A-1 -1 -1 N
PaAN) = N—Al=| 0 A=2 0 =4A—m‘_1 A—l‘_
~1 -1 A-1

A=2)((A— 1)% — 1) =XA- 2)?. Put Py()\) = 0 we find an eigenvalue A = 2 with
algebraic multiplicity equal two and the eigenvalue A = 0 with algebraic multiplicity
equal one. The eigenvectors corresponding to the eigenvalue A = 2 are the vectors

1 1 1 (%1 (%]
v=(v1,v9,v3) thatsatisfy A -v=2.-v& |0 2 0| - |=2-1n|&
1 1 1 (%] (%]
V1 + V2 + U3 21)1
209 = | 2v2 | = (v2 =0 A w3 =vy). A eigenvector corresponding to
V1 + V2 + U3 21)3

the eigenvalue A = 2 is v = (v1,0,v1) = v1(1,0, 1). Note that the eigenspace associated



to the eigenvalue A = 2 has dimention 1. The eigenvectors corresponding to the
eigenvalue A = 0 are the vectors v = (vy, vo, v3) that satisfy

1 1 1 (%1 (%]
A-v=0-v< |0 2 0| -{v =011
1 1 1 (%} V3
V1 + V2 + U3 0
20 =10 ] = (vy=0Av3 = —vp). A eigenvector corresponding to
V1 + V2 + U3 0

the eigenvalue A = 0 is v = (v1,0, —vy) = v1(1,0, — 1).

I M 3) Given a linear map F:R® — R*, with

F(xy,z9,23) = (x1 + ®2, T2 + 3,71 — T3, 1 + 379 + 2x3). Calculate the dimention
of the Image and the dimention of the Kernel of F'; and for both, Image and Kernel, find
a basis.

1 1 0
. . ) . 0 1 1
The matrix associated to the linear map is Ap = 10 -1 ; now we reduce the
1 3 2
matrix by linear operation on its lines:
1 1 0 1 1 0 1 1 0
0 1 1 Ry— Ry~ R, |0 1 1 Ry—Ry+R, |0 1 1 :
1 0 —1|RieR-R|0 —1 —1|ReRi—2r,|0 0 0] MarxAr
1 3 2 0 2 2 0 0 O

has rank 2, thus the dimention of the Image of F' is 2 and by the Rank-Nullity Theorem
the dimention of the Kernel is dim/(KerF) = dim(R?) — dim(ImF) =3 —2 = 1.
For a basis of the image we can consider a generic element of the image as the vector
(Y1, Y2, Y35 ¥4 )s Put (Y1, Y2, Y3, ya) = F'(21, T2, £3) we achive the linear system:

(21 + 3 =1 T+ To =Y
<932+$3=?JQ N To+x1 —Ys = Y2 N
T1 — I3 = Y3 T3 =T1 — Y3
[ 21+ 32y + 223 = Y4 T1+ 32 + 2(z1 — y3) = Y
(2 + 29 =1 T+ To =Y
J otz =yt ys =ty i{yzzys—yl A generic
T3 =1T1 — Y3 T3 =1T1 — Y3 ys = 2y3 — 31
[ 3(z1 + 22) = 2y3 + Y4 3Y1 = 2y3 + Ya

element of the image is the vector

(y17y27y3ay4) - (ylay3 - y17y372y3 - 3y1) = y1(17 - 1707 - 3) + y3(07 17 172)’ a
basis for the image is the set By,,,(r) = {(1, — 1,0, —3),(0,1,1,2)}.

For a basis of the kernel we know that a vector (x1, 2, x3) belongs in the kernel of F' if
F(xy,z9,23) = (x1 + ®o, T2 + 3,21 — T3, 21 + 3x2 + 2x3) = (0,0,0,0); write the

r1+ Xo = 0
e ro+w3=0 Ty = —&
condition in linear system form we get: 2 5 = { 2 LA
1 — I3 = 0 T3 = I

Ty + 3x9 + 223 =0
generic element of the kernel is the vector
(x1,T9,23) = (21, — x1,21) = x1(1, — 1,1), a basis for the kernel is the set
BKE:T(F) = {(17 -1, 1)}
ALTERNATIVE SOLUTION: the dimention and a basis for the image of linear
application can be calculated jointly, if z = (21, 29, 23, 24) is a vector that belongs in the



codomain of F', R*, z € ImF if and only if
F(xy,z9,23) = (21 + T2, T2 + 3,71 — T3, T1 + 3T + 2x3) = (21, 22, 23, 24 ), NOW

I I 0 | Z1
) . ) 0 T 29 )
we write the condition in matrix form: 3| and we reduce it by
I 0 — X3 | z3
x1 3ry 23 | 2z
I T 0 | Z1
. . . . . ) I3 | 22 | Ry+— Ry — R,y
linear operation on its lines:
T 0 — I3 | zZ3 Ri— Ry— Iy
x1 3ry 23 | 2z
I I 0 | Z1 r1 X9 0 | Z1
0 r3 | 29 Ry Ry+ R, | 0 ®y w3 | 29
0 — T — X3 | zZ3 — 21 Ri— Ry—2Ry | (O 0 0 ’ 23 — 21+ 22
0 2xy 2z3 | 2z —= 0 0 0 | zg—2 —22

From the last matrix we note that complete and incomplete matrices have equal rank if
and only if 23 = 21 — 25 and z4 = 21 + 225, the common rank is 2 and a generic vector
that belongs in the image is (21, 22, 23, 24) = (21, 22,21 — 22,21 + 229) =

21(1,0,1,1) + 29(0,1, — 1,2); the dimention of the image is 2 and a basis for the image
is the set B,y = {(1,0,1,1), (0,1, — 1,2)}. The rest of the exercise follows as
above.

I M 4) Verify that the matrix X = [ ] is similar to the matrix

-1 3

1 1 ] and find a matrix Z that realizes the similarity between X and Y.

N[Ot
N [—=

Y = 1

2 2
Matrix X is similar to the matrix Y if exist an invertible matrix Z such that

Y=Z'"X-ZorZ - Y=X-Z.PutZ = [211 ?2],premultiplbeyZand
22

221
z11 2 2 -1
. . 11 212
postmultiply X by Z we obtain Z - Y = 2 2| =
1 1
221 222 -3 B}
[ 5 1 1 1
3711 — 5212 — 3711 T 5212 0 1 Z11 212
5 1 1 1 and X . Z - _ 1 3 . e P =
2721 — %22 — %21 t+ 5222 21 22
221 <22 : put
| — 211+ 321 — 212+ 3202 )]
[ 5 1 1 1
2711 — 3212 — %11 + 5212 221 222 .
5 1 1 1 = and write the four
5291 — 5222 — 5221 + 5222 — 211 +3221  — 212 + 3202
5 1,
9%11 — %12 = 221
1 1
.- . — 5”11 + 9212 = 222
conditions as a linear system { - 1
5221 — 52020 = — z11 + 3221
1 1
— 5201 F+ 5220 = — z12 + 3222

9211 — 212 = 2291

— 211 + 212 = 2292

D291 — 222 = — 2211 + 6291
— 291 + 200 = — 2212 + 6292



(212 = Bz11 — 229
) — 211 + 5211 — 2221 = 22’22 N

299 = 2211 — 221
| — 201 + 2211 — 201 = — 2(5211 — 2291) + 6(2211 — 201)
(212 = Bz11 — 2291 212 = 9211 — 2291
) — 211 + 5211 — 22521 = 2(22’11 — 221) N O = 0

290 = 2211 — 221 299 = 2211 — 221
l0=0 0=0

211 9211 — 2291 211 9211 — 2291

7 = with determinant

291 2211 — ;1 291 2211 — 221
211(2211 — 201) — 201 (5211 — 2291) = 223, — 6211291 + 223,. Take, for instance,

211 = 291 = 1, the determinant is different from zero, matrix Z = [1 ?1)] 1s invertible

and we can conclude that X and Y are similar matrices.

II M 1) Given the equation f(x,v,2) = 2y — y°2* + xyz = 1 satisfied at the point

(—1,1,0), verify that with it an implicit function z = z(z,y) can be defined and then

calculate, for this implicit function, its gradient vector Vz( — 1,1).

f(=1,1,00=1-0-0=1, f,=2xy+yz, f, =2"—3y’2" + zz and

fi= =2z +ay,with f,(—1,1,0)= —2, f/(-1,1,0) =1 and

fi(—1,1,0) = —1.Since f/( —1,1,0) # 0, the equation

flx,y,2) = "% — 22yz — 2 = 0 defines a function z = z(z, y) with
/ / f;(—l,l,O) f;(—l,l,O)

V= (L0410 = (- FEPE - BT

(—2,1).

II M 2) Solve the problem {

Max/min f(z,y) = 2y —y

we: x? +2y7 <1

The function f is a polynomial, continuos function, the admissible region is an ellipse
with center (0, 0), a bounded and closed set, see figure in the next page; therefore f
presents absolute maximum and minimum in the admissible region. The Lagrangian
function of the problem is

L(z,y,\) = zy —y — A(z® + 2y° — 1) with

VL= (y—2\z,z—1—4)\y, — (2% +2y> - 1)).

I° CASE (free optimization):

A=0 A=0 A=0
r—1=0 “Yr=1 = leapom‘[fﬁ—(1,0)lsab0undary
z? 4+ 2y° <1 124200 <1 1<1

1
admissible point, Hy = [(1) O] and the second principal minor of the hessian matrix is
0 1
1 0
11° CASE (constrained optimization):

= — 1 < 0; P, is a free saddle point.



(M40

-2 =0 ) L
z 1 _w Ly =0 we can observe that if x = 0 then y = 0 and the last constraint isn't

(27 +2y° =1
true, so x # 0 and \ = 2& ; put the obtained A in the system we have:
x
(A#£0 A#0
A= £ A= L

02 —2x2x P07 da? _2x2x _ 9 _ - The equation 4z° — 2z — 2 = 0 has

A\

L2 =122 = 15

solutions x = — 3 Ve=1;ifz=1 then y =0 and A = 0, solution not accepted;
1 1 1 . 11 .
ifa::——theny:i—\/gand)\:q:—\/g.PothQ: — =, =6 ] is
2 4 4 2°4
: .. . . 1 1 . .
point of minimum (A < 0) while point P; = (— 3 Z\/6> is point of maximum

. 3 L
(A > 0), f presents absolute minimum equal — 3 \/6 in point P, and absolute

: 3 o
maximum equal 3 \/6 in point Ps.

IT M 3) Find the point of minimum and the point of maximum for the function
f(z,y) = (@ +y)e @,
vf=I(f, f{,), with 1 = 1- e @) 4 (2 4 y)e~ @) (= 22) =

(1 —2z(x +y))e @) and fi=1 e~ ) (4 y)e @) (—2) =
(1= 2y(x + y))e =),
FOC:



1-2 @) = 1-2 -
{ ( x(x——:_—y))))e 0 = { z(x +y) 8; obviously z + y # 0, thus
rr-y

(1 —2y( e~ (@) = 0 1=2y(z+y) =
2w = - op — L 2 _ _ 41
Y ${ T o {43: Loye 2 Two critical points
1 1
PlQ_(:t§7:t§>
SocC

Vo= (—dx —2y)e ) 4 (1 — 2z(x +y))e ) (= 22) =

(43[:3 + 42%y — 62 — 2y‘)e_(""2+yz);
vo= (= 2z — 4y)e” @) 4 (1= 2y(x +y))e” @) (= 2y) =
(day? + 4y — 22 — 6y)e~ @+,

— (22442 — (22 4y? —
ry = fe = (= 22)e” ) + (1= 2a(x +y))e” ) (= 2y) =

(4%y + day? — 2z — 2y)e "+,

[ F3et? gt - e
Hy(Pr2) = [ Fe 12 Fgel2| Hi = F3e7 /7,
, | Fse 2 ez (1. .
Hf_‘ Te /2 312 =% —e =8 >0 P =|3,3 is a point of

11 1 1
maximum with f(Q’ 5) —¢ /2 and P, = (— 2~ 5) is a point of minimum with

TN p
f( 27 2>_ € .

II M 4) Given the quadratic function ¢: R®> — R with associated matrix

1 0 0

Q=10 1 1|, wherek isreal parameter; study, varing the parameter k, the sign of
0 1 k&

q.

The three principal minors of order one for matrix Q are Q] = 1, Q) = 1, Q} = £k, the
o . ) 1 0

three principal minors of order two for matrix Q are Q3, = ’ 0 1 ‘ =1,

1 0

2= ‘ 0k ‘ =k, Q3 = ‘ 1 & ‘ = k — 1, and finally the unique principal minor of
1 0 0 11
order three formatrix Qis Q> =0 1 1|=1- ’ 1k ‘ = k — 1. We note that if

k > 1 all the principal minors of the matrix Q are positive, thus q is positive defined, if

k < 1, one of the principal minors of even order for matrix (Q is negative, in this case q is
undefined; in the last case (k = 1) all the principal minors of the matrix QQ are not
negative and at least one principal minor is null, thus g is positive semi-defined.



